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Abstract

This work studies point vortices on a sphere and complex point singularities on a plane.
The motivation for the study is to get deeper understanding of the dynamics of sym-
metric configurations of point vortices and point singularities. Equations of point vortex
motion are derived from the Euler equations. Geometric description of the phase space
is given along with symplectic structure and Lie-Poisson brackets. Symplectic reduction
is performed and reduced Hamiltonian is found. Configuration matrix approach is used
to find fixed equilibrium configurations of point singularities and relative equilibrium
configurations of point vortices. Based on this method, relative equilibria in the form of
tetrahedron, octahedron, cube, icosahedron, dodecahedron are described. Using energy-
momentum method conducted study of stability of general tetrahedral and octahedral
configurations. For the cubic, icosahedral and dodecahedral cases studied stability of
superpositions of axis-symmetric configurations. For the tetrahedral, cubic and icosahe-
dral configuration regions of stability are plotted. Instability results for special cases of
cubic and icosahedral configurations are proved.

Fixed equilibrium configurations of point singularities on a plane are found. The-
orems about existence and uniqueness of the equilibria are proved. For each of the
configuration, singular value decomposition is performed. The singular values are used
to obtain probability distribution and Shannon entropy for the configurations is com-

puted. Relative equilibria for even and odd number of point singularities are described.

vii



Relative equilibria for 2, 3, 4 point singularities are studied. For higher number of sin-

gularities method of finding relative equilibria is provided.
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Preface

Study of point singularities on 2D surfaces is motivated by several models in physics.
The first and the most famous is a model point vortices on a plane. It is an old model
and even though it has been studied for more then a century, it still has a lot of open
questions. The model has found its applications in different fields of theoretical physics,
starting from fluid dynamics and ending in quantum mechanicﬂ Another related model
is a model of spiral vortices and sources/sinks on a plane. This is just an extension of
the point vortex model. One more extension of the point vortex model, is a model of
point vortices on a sphere. These three models can be studied in one framework, which
I am going to do in this work.

The field of vortex dynamics has started in the prominent work of H. Helmholtz
[Hel58]. In this work, Helmholtz introduced his laws of vorticity evolution and described
first principles of vortex evolution. These results have already became a classic results
and can be found in every textbook on fluid dynamics Starting from Helmholtz, vor-
ticity field description became a powerful tool in the theory of continuous vector fields.

The motion of straight, parallel, infinitely thin vortex filaments (rectilinear vortices)
in incompressible inviscid fluid was one of the fields of research started by Helmholtz.

In one of the first published lectures on vortex dynamics[Kir77], Kirchhoff showed that

INice introduction to the applications of point vortices can be found in [Lug83].

2See for example Kirchhoff [Kir77] , Lamb[Lam32], Prandtl[Pra52]], Milne-Thomson|MTS535],
Batchelor[Bat67], etc.



these filaments can be identified with points on a plane (point vortices) and their motion
is governed by Hamilton’s equations.

Model of point vortices on a sphere is a closely model. It describes motion of
thin vortex filaments in a thin spherical layer of ideal incompressible fluid. Motiva-
tion for the study in this field comes from the atmospherical sciences. Clearly, model
of point vortices on sphere gives more accurate description of geoatmospheric phenom-
ena compared to the planar vortex model. First works in this direction date back to E.
Zermello[Zer02], where he defined point vortex on a sphere and derived the equations
of motion. Recent interest was stired up by the work of Bogomolov[Bog77]. In his
article he rederived the equations of motion and showed their Hamiltonian structure.

As it was shown by Yudovich[Yud63], 2D Euler equations (in a p with bounded ini-
tial vorticity always have unique solutions. Keeping this result in mind, Marchioro and
Pulvirenti[MP94] proved that point vortices are weak solutions of planar Euler equa-
tions and justified the model by proving that regions of localized vorticity stay localized
up to a certain time 7" and their centers move according to the point vortex equations.
Similar result for the point vortices on a sphere was obtained by Garra[R.13]].

Integrability of the point vortex equations with small number of vortices was first
proven by Grobli[Gro77)]. He proved that for three point vortices the system has 3 inte-
grals of motion in convolution and thus the system is integrable. Later Synge[Syn49],
Novikov[Nov7/6|] and Aref[Are79]] independently proved similar results. Proof of inte-
grability of three point vortex problem on a sphere was given independently by P. K. New-
ton and R. Kidambi in [KN9S]] and by A. V. Borisov and V. G. Lebedev in [BLIS]].

A curious observation of floating magnets served as one of the motivations for the
study of stability of relative equilibrium configurations of point vortices on a plane. Lord
Kelvin in his work[Tho78]] pointed out similarity between point vortices on a plane and

floating magnets. After this work a lot of attention have been brought to the problem

xi



of stability of planar configurations of point vortices. Lord Kelvin showed that regular
vortex polygons (regular polygons with point vortices of equal strength in its vertices)
are stable relative equilibrium configurations for N < 7 and unstable for V. > 7. The
question of stability for N = 7 remained open for more then a century and was answered
in the recent work by Kurakin and Yudovich[KY02], where they showed that for N =7
regular vortex polygon is stable. Even though problem of finding equilibrium config-
urations and their stability analysis have been extensively studied there are still many
unanswered questions.

Relative equilibrium configurations of point vortices on a sphere can be described
using elegant linear algebra approach as it was show by Jamaloodean and Newton[JNO6]].
They showed that any given geometric configuration of point vortices on a sphere has
a corresponding configuration matrix. This matrix has nontrivial null space if and only
if the corresponding vortex configuration is in relative equilibrium. They also showed
that all the Archimedean solids are relative equilibrium configurations. Further devel-
opments of this work is done by myself and Newton[MON10]. We studied wider class
of symmetric configurations represented by Platonic solids and showed that among all
of them, only cuboctahedron and icosidodecahedron are relative equilibrium config-
urations. Another description of relative equilibrium configurations can be found in
[LMROI]. There authors enumerated all the discrete subgroups of SO(3) to classify all
the possible symmetric equilibrium configurations with equal intensities of point vor-
tices.

There are not many results on the stability of equilibrium configurations of point
vortices on a sphere. The main object of interest in most of the works are configura-
tions of vortex rings on a sphere. In [CMSO03] authors study stability of longitudinal
ring of equal vortices with additional vortex at the pole on the sphere. They showed

regions of stability and conducted bifurcation analysis for small numbers of N. In two
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separate works [Hal80, [LPOS]] authors studied stability of vortex streets on the sphere.
Stability of Platonic solids point vortex configurations have been conducted in [Kur(04].
Stability of relative equilibrium configurations based on Archimedean solids have been
studied in [MONI10]. All of these woks considered vortex configurations with equal
or possible two different strengths. These configurations represent spherical equivalent
of planar regular polygon conﬁgurationﬂ More comprehensive approach is used in
[PMOg], where authors conducted stability analysis of 3 point vortex relative equilib-
rium configurations.

Another direction, which is closely related to the problem of point vortices, is dynam-
ics of complex singularities on 2D surfaces. These singularities describe motion of the
spiral vortices in the ideal fluid. Equations of motion for these type of singularities in
a plane are similar to the point vortex equations. The only difference is the intensities,
which are not real, but complex numbers. Verification of the model can be done using
hollow vortex model[[SC12, ICSF12, [CG11]]. Detailed historic review of the derivation
of point singularity equations can be found in a recent work by S. G. L. Smith[Smil1]].

The work contains two parts. The first part is based on author’s publications [NO12a),
MON10]. In it we will present the background on the point vortex model, configuration
matrix approach[KNO9§]], singular value decomposition[GVL96], Shannon entropy[NSQ9]
and energy-momentum method[SLMO91]. Then we use these methods to study relative
equilibrium configurations. The first chapter introduces the methods and gives geomet-
ric description. The second deals with relative equilibria. And in the third chapter we
study stability.

The second part is based on authors publications [NO12b, OVV13]]. There we use
the same techniques as we used in the first part, but we apply them to the different prob-

lems.The first chapter introduces the equations of motion and then we investigate its

3Nice overview of point vortex configurations on a plane can be found in [ANST02].
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symmetries. In the second chapter of the second part we find fixed equilibria using con-
figuration matrix approach, SVD and Shannon entropy. In the last chapter we investigate

stability of the fixed equilibria.
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Part I

Point vortices on a sphere



Chapter 1

Introduction

1.1 Equations of motion on 2D surface

Let us begin with derivation of equations of motion of N point vortices. We will start
the derivation from the general model of ideal incompressible invicid fluid and then
introduce notion of point vortex. We then show that the /V point vortices represent a
weak solution of 2D Euler equations. To demonstrate the details of the derivation and to
be able to derive several forms of equations of motion, we will use general curvilinear
coordinates.

If u is a velocity field of the fluid then corresponding equations of the fluid motion
are Euler equations and have a following form

%4 (u-V)u=0,

V-u=0.

By taking curl we get vorticity form of the Euler equations

%—‘;’—I—(u-V)w:(w-V)u,
w=V xu, (1.1.1)

V-u=0.



where w is a corresponding vorticity field. In curvilinear coordinates (qi, 2, g3) these

equations will transform t(ﬂ

(9wz- 3 U &uz Wi 8HZ 8Hk
o k; Hodqe  HHg | " 0gr " 0g ||~
wy, Ou,; Uy, 0H,; OH,,
= Wi — W s
k; Hy0q,  H;Hjy, oq. " dai
1 8(u3H3) 8(U2H2)
w - 3
' HyH3 ol Iq3
(1.1.2)
Wy = — R
*7 H\Hs dq3 dq
1 8<U2H2> 8(u1H1)
Wz = - )
’ H,H, oq gy
1 5’(u1H2H3) 8(u2H1H3) (9(u3H1H2) O
+ + =0,
HH>H3 Iq ol dqs3

\

where H,, H,, H3 are Lame’s coefficients.

In many practical applications it is reasonable to consider the fluid motion to be 2D
motion. For example in geophysics, because the height of atmosphere is small compared
to the radius of the planet, atmospheric motion can be regarded as motion of ideal fluid
in an infinitely thin spherical shell.

Typically, to derive 2D equations of fluid motion in a thin shell, one assumes that

vector fields are independent of one of the coordinates. For the velocity field this

Detailed derivation of these equations can be found in [KKR64].



means that we assume u(qi, g2, ¢3) = u(qi, ¢2) and then from (1.1.2) we will get that

(w1, wa,ws) = (0,0, w) and

Ow u; Ow  ug Ow
E—i_ H,0q, * H,0q, -
1 3(u2H2) 8(u1H1)

T o | g g | (1.1.3)

0,

W

1 a(ung) 8(U2H1)

+ =0,
H\H, oq 0q>

From the third equation in (I.1.3]) we can see that the velocity field can be described

using stream function v such that (uy, us) = V+), or

1 oy
U = ——,
' Hy0g (1.1.4)
1 oy
Ug = —Ea—ql
With this substitution equations (1.1.3)) will transform to
1 0 [ Hy o 0 [ Hy oy
_ - - + - - ,
HyHy | 0q1 | H10q: g2 | H20q2
(1.1.5)

1 Ow OV ow Y dw
- - + —
HiHy | 0t 0¢20¢1 0q10q>

=0,

\

Motion of thin vortex filaments oriented orthogonally to the 2D surface can be

described by the model of a point vortexﬂ

ZProof of the localization property and validation of the model local in time for the planar case can be
found in Marchioro’s book[MP94]. Proof of the same property for the sphere can be found in recent work
by Garra[R.13]].



Definition 1.1.1. Point vortex is a 6-function singularity of 2D vorticity field.

In planar case a point vortex produces vorticity field

w(z,y) =To(x — x0)0(y — vo), (1.1.6)

where T is called intensity(circulation) of point vortex and (g, yo) is a position of point
vortex.
On smooth compact surfaces, in order for Kelvin circulation theorem to hold, vor-

ticity field corresponding to a point vortex should be

r
(g1 — ¢™)(ga — ¢”) —

. (1.1.7)

w(qi, g2) = T,

where the last term helps to preserve total vorticity and C' is a circulation of uniform
vorticity field around infinitely small unit circle. For example, in spherical coordinates

(r,0, ¢) on a unit sphere a point vortex produces the vorticity field

r r
_ _ — - 1.1.
w(@, ¢) smﬁ(s(e 90)6<¢ ¢0) 471" ( 8)
Linear superposition of point vortices will create following vorticity field
N
L i i I
WM (g, q2) =) H1H25(QI —qi)6(g2 — ¢") - G (1.1.9)

N

where I' = > I'; and s = 0 in planar case, s = 1 on compact surface.
=1



Proposition 1.1.2. EILinear superposition of N independent point vortices is a weak
solution of 2D vorticity equations. Positions of point vortices change according to the
equations

dg” N (g, )

di ‘) 591) N (1.1.10)
dgy! oY (@, ¢5)
dt N an ’

where PV = w x zﬂ and z@ is a fundamental solution of Laplace-Beltrami operator, i.e.

it is the solution of the equation

1 0 [ Hyoo o [ Hyov 1

- —_— | + = — ) _ (4) 5 . () s
HiHy | Oq: | H10q 0qx \ H20go H, H, (@ —a")o(e2 —a2") c
(1.1.11)

Proof. To show that w? is a weak solution of 2D vorticity equation, we will plug in w?¥

and ¢V into the second equation in (1.1.3), multiply it by a test function ¢ € C?(D)

and integrate over D). After these manipulations we will get

Yooy dgt) | | - | |
5/ _ (’L) 5 _ (l) 5 o (Z) é-/ o (1)
/D ; T a0 @ 00)0(e — )+ e — a7)0 (e — a7)+

—5/ o 1 5 - A 5 - 1 5 . KA - -
+ o | I, (1= )0(@2 — ") +0(q1 — @1 )d(q2 — q3”) 90 I,
o [T (i) (i) (i) W, 9 T
— §(q1 — N (g — ¢ + 6(q1 — ¢ (g — 8 )— dS =
o | I (1 —¢1")0 (2 —q5") +0(q1 —q1,")0(q2 — ¢27) oI )

=0,

3Proof of this proposition for the planar case can be found in [MP94]. Different derivation of equations
of motion on compact surfaces can be found in [Zer02, Kim99, [Bog77].



For any A(q) and compactly supported ¢(q) we have

/D A(@)3'(¢ — a0)b(a)dq = — /D 5(¢ — a0) (A(q)(q))'dq =

__ /D 50— 00)(A'(0)8(q) + Ag) (¢))dq =
= —A(q0)#(q0) — Alq0)#'(q0) =
— A(q) /D 5(q — a0)b(a)dq — Alo) /D 5(q — a0)¢ (q)dg =

— () /D 5(q — a0)b(a)da + Algo) / §(q — )é(a)dq =

D

- /D A(q0)5(q — 40)8(q)dg + /D Ala0)8'(q — q0)6(a)da,

and

/D A(@)6(q — 0)d(@)dq = Algo)dlao) = /D A(40)3(q — 00)6(a)da.

Using these observations and after some simplifications we get

N | Ty dgt” N (g, 4 - 4
+ a1 — (4) S(ao — (@) +
fD; N o o (1 —0")o(q2 — ¢5”)
CIRe
+ H1H2 dt aql (Q1 - ql ) ( q2 ) ¢ -

CIRRe

(1.1.12)
Since 8’ (g1 — ¢\")8 (g2 — 3, 6(qu — qY))(S'(QQ ¢"),i =1, ..., N are linearly indepen-

dent, from (I.1.12)) we get that point vortices are week solutions of Euler equations. [



1.2 Equations of motion on a sphere

Since in this work we will be studying motion of point vortices on a sphere, let us derive
different forms of the equations of motion of point vortices on a unit sphere. The most

used coordinates on a sphere are the regular spherical coordinates. Let

=0 —n1<60<m,
QQ:¢70§¢<27T>

g3 =1 =1

Then H; =1, Hy = sinf and@/}is

R 1
P(0,¢9) = ——In [l — cos(y:)], (1.2.1)

47

where v; = ;(0, ¢) is the central angle between a point vortex (6;, ¢;) and a point (6, ¢)

and

cosy; = cos B cos 0; + sin 0 sin 6; cos(¢d — ¢;).

Then the equations of motion (I.1.10)) became

. 1 N Rij
in6;¢; = — Ljer—r
sin i 47T,ZA 71 — cos i
J=1i#g
1 XN sin @, sin(¢; — ¢;)
ei _- j
J=1,i#]

1 — cos;;

where 7v;; = v;(¢4, 0;) and k;; = sin6; cos 6; — cos 0; sin 6; cos (¢; — ¢;).



If we embed the unit sphere into R? (use cartesian coordinates and place the center

of the sphere into the origin) the equations (I.2.4)) will transform to

N F] Xj X X;
jz%;éz‘ 27 (x; — x;)? (1.2.2)
il =1, i=1,...,N.

Xi:

where x; = (z;, y;, z;) coordinates of a i-th point vortex.

As it is shown in [NewOlI], equations (I.2.2) can be reduced to equations for
L =1lxi —x;]|,1 < i < j < N. To get these equations, subtract corresponding
equations for ith and jth vortex and dot multiply the difference by (x; —x;). After some

simplifications we will get

N
Z I [Xi-xjxxk_xi-xjxxk]
)

k=1k#i k]

2
Since % — 2(%; — %x;) - (x; — x;), then

dat
dl; oDV (11
dtf = Y WJ T | (1.2.3)

k=1,k+i,k#j gk ik

where Vi, = X; - x; X x3. These equations depend only on lfj and describe relative
motion of point vortices on a sphere.
Another useful form of equations of motions can be obtained if we introduce cylin-

drical coordinates on a sphere. Let

@ =z —1<z<1,

qQ:¢70§¢<2ﬂ-7



g3 =1 =1

Then H, = 1, H, = v/1 — 2?2 and equations of motion will be

. 1 N my,;
nfigi = — > T
J=1l,i#j
9 1 N F 1/1—Z?sin(¢i—¢j)
ToArn Z o 1 — kyj ’
J=Li#]

where  £;; = zizj + 1 —22/1— ZJZ cos(p; — ;) and my -
V91—22z— 2z /1 — zj2 cos (¢ — ¢j).
1.3 Hamiltonian structure and integrals of motion

As it is shown in [Bog77, Zer02, Kim99, New(01]] equations of point vortex motion on
a sphere can be written in a Hamiltonian form. Canonical variables and Hamiltonian

function for the system are

1
H = E ZFZFJ lnlij,

i<j
Pi = vV ’Fz| cost, ¢ = sign(Fi)\/ |Fi’¢i7
o0H oOH
% = .G =— ) 1.3.1
jZ 94, q O ( )

10



Since the Hamiltonian is invariant under the action of SO(3), by Noether’s theorem

we will have 3 (dim SO(3) = 3) conserved quantities

N N N
= ;szl = ;Fisin@;cos@ = ;Fm/l — 22 cos ¢y,

1

N N N
cy = ;lel = ;Fi sin 6; sin ¢; = ;F“/l — 22 sin ¢y, (1.3.2)

1

N N N
C3 = Z FZZL‘Z = Z Fz COS Qz = Z Fzzz
=1 i=1 i=1

Vector ¢ = (¢, ¢, ¢3) is called center of vorticity and M = ¢/(32~ | )T; is a moment of

vorticity. To prove that the components of vector c are integrals of motion, one should
N

consider ¢ = > I';%; and use (|1.2.2)) along with skew-symmetry of vector product to
i=1

show that ¢ = 0.

1.4 Geometric description

Dynamical system of /N point vortices on a sphere admits nice geometric description.

Since point vortices can not collide the phase space of the system can be written as
P={s=(s1,...,8n8) €ES* x ... x S¥s; #£s;,i #j,1<i,j <N}  (14.1)
The symplectic structure on the phase space is given by
N
O=) —muws (1.4.2)

where I'; are intensities of point vortices, 7; - projection onto the i-th copy of S? and

wg2 is the area form on S2.
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Corresponding Poisson bracket for f, g € C(P) can be written as

{f,9} = 0(Xy, Xy). (1.4.3)

As it was shown in previous section, the system is a Hamiltonian system with Hamil-
N

tonian H = — ) I';I'; Inl;;, where [;; is an euclidean distance between vortices 7 and j.
i=1

After embedding S? into R® we can rewrite the phase space, form & and Poisson

bracket as

P={x=(x1,....xn) € R)"| [Ix|| = 1 [Ix;ll = 1,x; # x;,0 # j,1 < i,5 < N},

N
1
~_ s e o . 14.4
W ;:1 T (x;dy; N dz; + yidz; N\ dx; + zidx; A dy;) , ( )
N
(g} ==X 1 (V] X Vi) (145)

where V; is a gradient on i-th copy of R3. Notice, that since we have one redundant
variable, form  is degenerate and thus it is not symplectic any more. But if we introduce
chart containing only 2 spacial coordinates, the form will became symplectic.

If we introduce spherical coordinates on each copy of S? then all of the above can

be rewritten as

P:{S:<Sl,...,SN) € (S2)N|82‘:<9i,¢i),8i7é8j,i7éj,1 SZ,] SN},

N
1

Y1 9f a9 9f 9y
{f.9} = Zr_k (8(:059k Oon acbk@cos@k) ’

k=1

{¢i,cos6;} = (15# (1.4.6)

12



And for cylindrical coordinates on each copy of S? we will get

P = {11: (uh""uN) € (52)N|UZ: (szgbz)auz?éu]?l%];l Szaj SN}7

N1 /8f 8¢9 Of dg
o =31 (3o o)

5i;

Since the diagonal action SO(3) on P is canonical, the momentum malﬂ will have 3

components which are proportional to the coordinates of the center of vorticity.

Proposition 1.4.1. Momentum map for the system of N point vortices on a sphere

embedded in R?N is
N
Jx)=-c=-) I'x, (1.4.8)
=1

Proof. By the definition J : P — TP* is a momentum map if for any F' € F(P),
x € RN €= (£,¢,...,6) € (s0(3))N = TP we have

{F, < J(x),& >} = &plF], (1.4.9)

where {p[F] is a Lie derivative of F' and

N N
<I(x),€>=> <h(x),{>=> I(x)-& (1.4.10)
=1 =1

“4For details about momentum mappings see the section 3 and [AM78].
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where J; = m(J) - projection of J onto I-th copy of R?, < - - >, - duality relation
beween so(3) and so(3)* (in case if these spaces are embedded into R3, the relation is a
dot product).

From the properties of dot product we have

{F,<J(x),{ >} = —Z%Xi'(vivai<‘](x)7€>)_

Since the relations hold for any F, x; and &, thus

N
Vi) — =¢ i=1,..,N. (1.4.11)
=1
In cartesian coordinates
- Jl X /i
( (F))S +1€x = 517
Jl X /z'
Db, _ e,
Jl X /z
( (1—1))3 +3£z - 527
1=1,.,N.

Thus

_(JZ(X))éHl _(JZ(X)):/31+2 B _(JI(X))ng .

14



Ji(x) = -T'ix;,

which proves the proposition. O

Now, since for any F' € F(P), x € R3*" and ¢ € TP*
{F,. < Adg1J(x),§ >} = {F. < J(9(x)), & >}

where Ady : TP* — TP is a lifted coadjoint actimﬂ of g € SO(3) on T'P* (in our

case it is a rotation of vector J by g). Thus
Ady-1J(x) = J(g9(x)).

So J is equivariant under the adjoint action of g € SO(3) on 7'P*. From the equivariance

or from

N 2
||J||2 = (Z Fi) - Zrirjl?j, (1.4.12)
=1

i<j

we have that ||J||? is invariant under coadjoint action of SO(3) and thus any smooth
function of ||J||? is also invariant. Since the components of J are constant of motion,
any smooth function of the components and ||J||? will be a Casimir function. And also,
since the group SO(3) is compact and its action is proper on both P and 7' P*, level sets

of [|J||? = const # 0 will define symplectic leaves of P.

1.5 Symplectic reduction

The system has a rotational symmetry and since the action of compact symmetry group

SO(3) on P is proper, P admits reduction W = P/SO(3) with W being symplectic

3See [AM78] for the general construction of conjoint lifts.
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manifolcﬂ In order to study the reduced space, let us introduce special coordinates on

the unreduced space. It is clear that if ¢ # 0 the phase space P is isomorphic to

P = {C,lel — F2X2, C. 7FN—1XN—1 — FNXN} = SO(B) X (]7 (151)

where

U={6,} x (SN2 (1.5.2)

and 6, is an angle between vector ¢ and x;. The reduced space U has the dimension

1 +dim(S%) (N —2) =1+2N —4=2N — 3 = dim(P) — dim(SO(3)).

In order to obtain a chart for the reduced space U we use the cartesian coordinates

x;, © = 1,..., N. Itis customary to derive the equations of motion in terms of
Yo =¢, (1.5.3)
Y1 = F1X1 — FQXQ, (154)
yn-1 = I'yoixy—1 — Ivxy. (L.5.5)

See [AM78] for details about symplectic reduction.
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The transformation matrix of this change of variables is

Pl FQ Fg e FN—l FN
I -I's 0 ... 0 0
Mx—)y - 0 FQ —Fg e 0 0 3
0 0 0 . I'voy —I'y
and its inverse is
1  N-1 N-2 2 1
I, T, Iy ry N
1 = N-2 2 1
1 IR 1) T2 1) T's
M. = — 1 = =2 2 1
yox TN T3 Ts T3 T3 T3
1 =1 =2 =N-2 =N-1
T'n Ty Tn I'n I'ny

Thus, from (1.2.2)), the equations of point vortex motion on a sphere are

(

Yo=C= 07
N
R T4 X XXi41 + Z F_J XjXXi  XiXXi4q
yi = 27 yf e 27\ (x5—x;)2 (xj—xi+1)2 ) 7
]: 7] Z7Z

2 COS_I(yi : ez) = COS_I((Y@' - ez) ' ez)7
\

where e, = (0,0, 1) and

(1.5.6)

(1.5.7)

(1.5.8)

(1.5.9)
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Now we are ready to perform the reduction. Clearly, the first equation in (1.5.8)) can be
reduced. This will reduce the coordinate space by 2. Additionally, one of the equations

for y; can be reduced and replaced by the equation for 6,

dcosO, d . .
|C‘ dt :a(C‘Xk):C.Xk_i_C,Xk:
N N N
Ll %) XX I, x; XX
= Xk + () I'ix;)- i XXXk
m';#i 2m (%j = xi)? ; =tk T (x5 — x)?
ij=1,j£i#k 2 (xj — x;)? (x; — xp)?
N
[0 Vi 1 1
- Z QJ—M (ZT - F) . (1.5.10)
ij=Litith " i Lk

Assume we have chosen equation for #; and reduced equation for yx_;. Then recon-

struction equations are

X1 = Rn<61)éa
1 I'y ~ Y1
= —(T — = —R,(0 =,
X2 F2( 1X1 Y1) T, ( 1) T,
1 I'y . Y1 Yo
= —(T — = —R,(0 — =,
X3 Fs( 92Xy — Y2) T, (61)¢ Ty T
N-2

1 I' . Vi
= T'a_ o — _9) = R, (60 — ,
XN-1 FN—l( N—2XN-2 — YN 2) Ty, ( 1)C - Trs
1 N-1 c r N-2 v,
xy=—|[c= Iixi| = — — (N = 1)==Rn(0)e+ > (N —2—i)=2,
N = < ; ) T ( )FN (61) 121( )FN

where ¢ = ﬁ and R, () is a rotation matrix on angle # about axis with direction n. The
direction n should be orthogonal to c. In the reconstruction formulas we have 3 degrees

of freedom (the reduced degrees). These degrees of freedom characterize orientation
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of the vector c and orientation of vector n. These parameters can be taken from the

unreduced configuration (if we start with it) or chosen arbitrarily.
From (I.3.1) the reduced Hamiltonian can be written as

h(01,y1,.--,¥yN—2) = Hx1(01,¥1,-- -, yN-2);-- -, XN(01,¥1,. .., YyN_2)) =
N

I
= Z J In|x; — xj| =
iisrgi AT

(-5 - S S 3

N—
y
—N—(N—l)—Rn(Ql)c—i-Z —2-k ﬁ—fpmel Z

N—-1
N Lily

Pt 4

where the projection (1.5.11)) is used for x;, ¢ = 1,..., N.
In order to obtain the reduced Poisson bracket, we use the same projection and rela-
tions

N-2
0 oy ¢ -

Vlza 818 Z y]8:8(cx1).6 +I‘187

ox1 (9x1 891 = 0x1 0y Ox1 sin61001 oy1

A (T',I'1,T1) ¢, ) o
= 1.1)+ 20y, Ty, T Lol oy —2 40, -2 =
(° LD+ L) st =g 6 ) 5o o+ oy

. 1 . (I'1,T,T1) ¢ 5} a
= (e -(1,1,1) + —(I'1,T1,T1) - Ru(0 SLILUC sl ) — 2 T
(610 + arnrar)  Ra@ne+ EEE st ) S+
Vi:( (e, Ts, Ta) - 5 4 il La) e ) 9 9 9

| |c|? sin 01001 Oyi—1 Ay

i1
1 (I, 15, T%) - e, N Yk 0 0 0

=TT T) + ——5— Rn(0 = =Ty Li—,
(\c\( e c) <Fz (bré - ,; T, ) sin6,06; iy,

8y171
i=2,...,N—2,
1 I'y-1,I'nv-1,'n_1)-C. 0
VN-1= (*(FNfl,FNflerfl)'folJr( ML N-bo N 1 C‘fol).i*
c| lc] sin 61001
“Tn_ _
Yoy N2
1 (FN—ler—larN—l)'CA> Iy 0
—(=(TNy_1,TN_1,Tn_ A = Ra(61) g __
(|C|( e [c|? ¢ Py n(61) Z FN 1/ sin61001
_FN— )
Yoy N2
(I'n,I'n,TN) -c ) 9
Vy = —(n,In,T : -
N = (| [T T, Iy - + \c|2 5in 0100,
(FN,FN,FN)'CA C F 8
=(—Tn,Iy,T -_— 7—N—17R9 N-2—-k)=— ] —.
<| |( N> TN, Tw) + Ic|? c Ty ( )1" n(61) +Z( I‘N sin 61001
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Then from (I.4.3]) we have

1
'[(é~(1,1,1)+H(Fl’rl’rl)'R“(gl)éJr lcf2

1 +
X [(é~(1,1,1)+—(11,1“1’11)'”“(91)é
Cc |C|2

1 F7F7F C
A (7(13‘713‘7&)4‘%
Ic| lel

*(DI@H)‘*‘M
Ic| |c|?

I'n,I'n,Tn)-c,
'[(H(FN’F“N”(N]ZPNC‘:) (

1 r 7F ’F C.
X {(C(FN,FN,FNHWC)

A Iy . = Yk
o) (Fmoe- £ 3)

) (e
|

— — (N —
I'n

Cc
(o

=2
of _p _0f
i ) sin01001 dyi-1
1—1
(61)¢c — ; ylj) smjlg891 ia;zg_1
ey Raee s S vz i)yi> '
I'n I'n i=1 t
" -
1)F7Rn (61)c + Z ;i)
= o
_1)73,,916 Z N=2-kp-

{f,g} = —Rn(61)&-

aof
sin 6,00,

9y
sin 6100,

k3

rag]

ﬁ]x

1
oy1

dg ]
8y1

N—lle 016 — Yk
— ZF n( 1)C_k§1E '

i 8f] X
Oy

oy

&l

sin 0100,

)

dg

5in 01001

} |
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Chapter 2

Relative equilibria

We start the chapter with the definition of the relative equilibria we study and the method
of finding them. Then we give small primer on singular value decomposition and Shan-
non entropy, which we use to verify and classify the equilibria. In the last sections we

find symmetric and asymmetric relative equilibrium configuration of point vortices.

2.1 Configuration matrix

Definition 2.1.1. We say that configuration of N point vortices on a sphere is a rela-
tive equilibrium if the evolution of the system can be represented as rotations of initial

configuration.

In other words, system is not changing modulo natural action of group SO(3) , i.e.
trajectories of the point vortices are orbits of the group. The equivalent condition is to
require the distances between the vortices to be constant in time.

From the definition, we see that relative equilibria are fixed points of the equations

of motion (1.2.3), i.e.

N
> PV LI ) 2.1.1)
m ljk Ly

k=1,k#i, k]
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This can be rewritten as

0 0 Cla3 Crs ... Cin I'y
0 Chs2 0 Clz4 ... Cian Iy
O 0142 0143 O e 014]\/ Fg — 0
Cov-vynm Cov—vnve Cov—iyns Cov—iyya - 0 I'n
2.1.2)
or
AT =0, (2.1.3)
where matrix A is N x w matrix with components A, = Cyjj, = % (lgl — l%)
Tk ik

and m is an index number which corresponds to permutation (i,7). Vector I' =

(T'y,...,'y) is a vector of intensities.

Definition 2.1.2. Matrix A is called a configuration matrix of the system of point vor-

ticedl]

From (2.1.2) we see, that the question about existence of relative equilibrium for
given geometric configuration can be reformulated as linear algebra question: for a
given matrix A find whether it has nontrivial null space.

Since A has nontrivial null space if and only if AA” has nontrivial null space, the

necessary and sufficient condition for matrix A to have nontrivial equilibria is

det(AAT) = 0. (2.1.4)

!'This definition and the approach we use to characterize relative equilibria of point vortices was intro-
duced by P. Newton in [NewO1]] and was used in [JNO6, MONI10Q] to classify symmetric relative equilib-
rium configurations.
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As it is shown in section the dimension of the reduced space is (2N — 3). Thus
it is enough to consider only 2NV — 3 independent variables. Since the distances [;;
are unsigned (they appear in squared form), it is easy to see that for the configurations
where we have all of the point vortices in one hemisphere, we can not to distinguish this
configuration from its mirror symmetry. This produces a singularity in any chart of the
reduced space defined in terms of /;;. Thus we can not use just /;; as a coordinates
on the reduced space. But we can use them as coordinates which describe relative
equilibrium configuration, since we can use the same singularity to construct all of the
relative equilibria described by distances.

In order to count independent distances needed to describe the relative equilibrium
we use the following geometric observations: without loss of generality we can assume
that one of the point vortices of relative equilibrium configuration is located at the north
pole. Additionally, we can choose the next point vortex to be on O-th longitude. Then
in order to describe two point vortex relative equilibrium it is enough to provide one
distance ;5. Then without loss of generality, we can assume the third votes will lie in
the hemisphere from Oth to 180th longitude and we need exactly 2 distances /;3 and lo3
to describe the relative equilibrium configuration. For the fourth vortex we need all 3
distances ly4, l24 and 34 in order to describe the configuration. Every other point vortex
need also at least 3 distances to describe its position. Thus, we will need 3N —3—2—1 =
3N — 6 = 3(N — 2) independent distances. We denote them d;, i = 1,...,3N — 6.

As it is shown in Appendix |A| formula gives relation between the distances.
Since volumes are nonnegative, the expressions under the roots are nonnegative as well.
Using simple algebraic technique we can get rid of the roots and at the end will obtain
algebraic equations of order 20UMber of r00ts _ 95 _ 39 Thege equations will repre-
sent algebraic restrictions for the distances. From the geometric observations, we know

that these equations can be solved for d;.
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Appendix[A]also provides formula (A.0.2)), which is a representation of V;j, in terms
of l;;, l;x, and [, and thus in terms of d;. The condition (2.1.4) along with relations on
the distances represents an algebraic variety in the space of coordinates d;.

Let

P(dy,...,dsy_g) = det(AAT). (2.1.5)

Then P is a continuous function, as a superposition of polynomial and a root function.
Since AAT is a positive definite matrix, the only zeros of function P are those were it

touches the abscise axis.

2.2 SVD and Shannon entropy

In order to find the dimension of the null space we will use method of singular value
decomposition. Additionally, using notion of Shannon entropy we characterize found
relative equilibria.

The most comprehensive decomposition of real or complex valued N x M matrix
A is the singular value decompositio The N singular values, o (i = 1,...N), of

A, are non-negative real numbers that satisfy
Av) = gOy@. ATy = 5030 (2.2.1)

The vector u” is called the left-singular vector associated with ¢, while v(¥) is the

right-singular vector. In terms of these, the matrix A has the factorization

k
A=UzVI =Y sOutvOT (k< N) (2.2.2)
=1

2See [GVL96] for general theory on singular-value decomposition.
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where U and V are orthogonal (or unitary in the case if A is complex valued) and
¥ € R¥*Y is upper diagona. Here, the rank of A is k. The columns of U are the
left-singular vectors u”), while the columns of V' are the right-singular vectors v(9. The

matrix X is given by:

o 0
= o ... o™ | eRVM (2.2.3)
0 ... 0

The singular values can be ordered so that o) > 3 > .. > ¢(™) > ( and one or

more may be zero. As is evident from multiplying the first equation in (2.2.1) by AT and
the second by A,

(ATA — 6Dy =0, (AAT — 6D?)u =0, (2.2.4)

the singular values squared are the eigenvalues of the covariance matrices ATA or AAT,
which have the same eigenvalue structure, while the left-singular vectors u® are the
eigenvectors of AAT, and the right-singular vectors v() are the eigenvectors of ATA.
Since the set of singular values of matrix A characterizes matrix modulo orthogo-
nal/unitary matrix multiplication it is customary to use the singular spectrum to charac-

terize equilibrium configurations.
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S=In1=0 S=1In7=1.9459

0.8 0.8

0.6 0.6
0.4

0.4

0.2 0.2

Figure 2.1: Minimum (a) and maximum (b) entropy configuration for N = 7.

First we normalize each of the singular values so that they are positive and sum to

one:
k
=007y "oV (2.2.5)
Jj=1
Then
k
> 60 =1, (2.2.6)
i=1

A

and the string of k numbers arranged from largest to smallest: (61,52, ..., %) is the
‘spectral representation’ of the equilibrium. The rate at which they decay from largest

to smallest is encoded in a scalar quantity called the Shannon entropy, S, of the matrixﬁ

S=-=> 6" (2.2.7)

3See [SW48] and more recent discussions associated with vortex lattices in [CKNQ9].

26



With this representation, spectra that drop off rapidly from highest to lowest, are ‘low-
entropy equilibria’, whereas those that drop off slowly (even distribution of normalized
singular values) are ‘high-entropy equilibria’. Note that from the representation (2.2.2)),
low-entropy equilibria have configuration matrix representations that are dominated in
size by a small number of terms, whereas the configuration matrices of high-entropy
equilibria equilibria have terms that are more equal in size. See [CKNQO9|] for more
detailed discussions in the context of relative equilibrium configurations, and the origi-
nal report of [SW48] which has illuminating discussions of entropy, information content,
and its interpretations with respect to randomness.

As an example of the normalized spectral distribution associated with the N = 7
singularities we show in Figure the 7 singular values (including the zero one). The
smallest value of the entropy is attained when all except one singular values are zeros.
The non-zero singular value due to normalization should be 1. Then from S =
1In1 = 0. The highest value of the entropy is attained when all of the singular values
are non-zeros and equal, i.e. if the singular values are in the highest order. From (2.2.7)
S = —Nln% =InN.

Another useful application of SVD to point vortex problems is a method of Brownian
ratchets. The method is used to find the asymmetric relative equilibrium configurations.
The idea behind the method is minimization of the smallest singular value using random
perturbation of positions of point vortices. The method was developed in [NCO7] and

later used in [NSQ9].

2.3 Symmetric relative equilibria

Symmetric configurations of point vortices on a sphere can easily be obtained from regu-

lar polyhedra. As it is shown in [Cox73], there are only five convex regular polyhedra in
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VAN

Tetrahedron Octahedron
Cube Icosahedron Dodecahedron

Figure 2.2: Platonic solids

3D: tetrahedron, octahedron, cube, icosahedron and dodecahedron. The family is called
Platonic solids. One of the characteristic properties of the Platonic solids is transitivity
of the faces, i.e. all of the faces of particular polyhedron can be described by a single
regular polygon. Relaxation of this property, i.e. allowance for the faces to be different
regular polygons, gives us Archimedean solids. Both, Platonic and Archimedean solids,
are discrete subgroups of SO(3) and thus can be circumscribed into a sphere. By putting
point vortices in the vertices of the polyhedra we can get the symmetric configurations of
the point vortices on a sphere. Schematic wireframes of the Platonic and Archimedean
solids are given on Figure [2.2]and Figure[2.3]

The general algebraic approach to the description of symmetric relative equilibria
was first used in [LMROI]. There the authors considered discrete subgroups of SO(3)
and proved existence of many symmetric relative equilibria of point vortices with equal

strengths. Another approach was used by Jamaloodeen and Newton in [JNO6]. They
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3 &

Cuboctahedron Great rhombicosidodecahedron ~ Great rhombicuboctahedron
D ® ©
Icosidodecahedron Small rhombicosidodecahedron Small rhombicuboctahedron
@ ® (v
Snub cube Snub dodecahedron Truncated cube
O @ O
Truncated dodecahedron Truncated icosahedron Truncated octahedron

O

Truncated tetrahedron

Figure 2.3: Archimedean solids



used configuration matrix approach and proved that all of the Platonic solids are relative
equilibria. Additionally they found the basis sets of the null spaces of the configuration
matrices. Further extension of this work was done in [MONI10], where the authors
proved that among the Archimedean solids only cuboctahedron and icosidodecahedron
are relative equilibrium configurations of point vortices on a sphere. In order to use in
the stability study we will reproduce the results on Platonic and Archimedean solids with
a small new result in terms of convenient and symmetric basis sets of the configuration
matrices.

We use the following method to find the relative equilibrium configurations:
e For each of the symmetric configuration we compute the configuration matrix.

e Using SVD decomposition we find the singular values. If at least on of them is 0,

then the configuration is a relative equilibrium.

e From SVD decomposition we find the dimension and the basis set of the null
space of the configuration matrix. The basis vectors represent the intensities of

point vortices which make the configuration a relative equilibrium.

e After normalization of singular values we compute the Shannon entropy, which is

a useful characteristic of the configuration.

Tetrahedron.
Without loss of generality we can choose coordinates of point vortices in tetrahedral

configuration to be

X1 = _(17 17 1)7 X9 =

V3

(_1a ]-7 _]-)7 Xy =

(1,-1,-1), 2.3.1)

(—1,-1,1). (2.3.2)

X3 =

Sl-
[G6]

—
S-S
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And since [;; = Iy, for any 4, j, [, k, we have that A = 0. Thus det(AAT) = 0 and
tetrahedron is a relative equilibrium configuration for any choice of I';.
Octahedron.

For octahedron we can choose coordinates of the vortices to be

X1 = (17070)7 X9 = (_17070)7
X3 = (07 170)7 Xq = (07 _170)7

x5 = (0,0,1), x¢ = (0,0, —1).

Then A = 0, as well, since either /;; = [;; or V;;, = 0. Thus, as above, for any I'; the
configuration is a relative equilibrium.
Cube.

For a cubic configuration with vertices in

x; = (0,0,1), x5 = (0,0, —1), (2.3.3)
2V/2  2mi 2vV2 . or 1 09
Xjy3 = | —cos—,———sm—,- |, 1=0,.,2,
3 3 373 373
(2\/§ T+ 211 2\/5 T+ 27 1) 0 9
Xit6 = COSs s Sin ,y—=],1=0U,..,2,
3 3 3 3 3

Null-space of the configuration matrix is 5S-dimensional. Basis for the null-space can

be chosen as (see Figure [2.4)

by = (1,1,1,1,1,1,1,1),
b, = (1,-1,0,0,0,0,0,0),
b3 = (0707 1707070a _1a0)7

b, = (0,0,0,1,0,0,0,—1),
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Figure 2.4: Null space of the configuration matrix for the cube

bs = (0,0,0,0,1,—1,0,0).

Three non-zero singular values for the cube are equal to 4.
Icosahedron.

For the icosahedron with coordinates

X1 = (0507 1)7 Xy = (0707 _1)7 (234)

X = (— COS —Z — sin — —1 > =20 4
P 5 ) 5 ) ) 9 eey Ly
43 \/_ \/_ \/_

N (2 COS7T+27Ti 2 g T+ 21 1) P04
4 =\ —= — = =S 7=, t=YU,.,a
ANV 5 V6 5 &
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configuration matrix A has seven dimensional null-space and basis for the null-space

can be chosen as (see Figure

=(1,1,1,1,1,1,1,1,1,1,1,1),

]-7 _17070707 0)0707070)070)7

0707 1707 0707070707 _17070)7

b,
b,
bs
by
bs 0,0,0,0,1,0,0,0,0,0,0,—1),
bg

(
(
(
(070705 17 070707070707 _170)7
(
(0707070a O) 1707 _170707070)7
(

b; = (0,0,0,0,0,0,1,0,—1,0,0,0).

Icosahedral configuration matrix has five singular values which are equal to

o = 1/12(5 + V/5).

Dodecahedron.

For the dodecahedral configuration with point vortices at

2k 2k
X = (cos —Wsu,sin —Ws“,z“), k=1,...,5,
) )
2k
xi = (cos Twsl,sin Tﬂsl,zl), k=6,...,10,
2k + 1 2k +1
x;, = (cos %sl,sin %sl, —2, k=11,...,15,
2k +1 2k +1
x; = (cos %s“, sin %s“, —2"), k=16,...,20,

(2.3.5)
(2.3.6)
(2.3.7)

(2.3.8)

(2.3.9)
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Figure 2.5: Null space of the configuration matrix for the icosahedron

where 2 = (/& (5+2V5), 2! = /£ (5-2V5), s" = /2 (5—V5) and s' =

\/ 115 (5 + \/5) The configuration matrix has 16 nonzero singular values, and 4 zeros
(see Table[2.I). Thus the dimension of the null space is 4. The basis of the null space

can be chosen to be symmetric with

b, = (1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1),
b2 = (1+¢71+¢71+¢71+¢7]‘+¢7¢7¢7¢7¢7¢7171?1717170?0707070)7
b3 = (1+¢7¢717¢71+¢)71+¢’1707171+¢7¢70707¢)71+¢’]‘7O7O717¢)7

b4 = (]‘+¢7]‘+¢3¢7]‘3¢7]‘+¢7]‘+¢7]‘70717]‘+¢7¢70707¢7¢71703071)7
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Figure 2.6: Null space of the configuration matrix for the dodecahedron

where ¢ = %5 (golden ratio). Figure [2.6|gives a geometric description of the basis.
Cuboctahedron.

For cuboctahedron with point vortices at

1 . .

Xiij = E((—1)2, (—1)7,0),i=1,3, j =0, 1, (2.3.10)
1 . .

X/L'Jrj = E((—l)z,(), (-1)‘7), 1= 5,7, j = 0, 1, (2311)
1 ) )

Xi+j = E((—l)l, (—1)],0), 1= 97 11, ] = O, 1, (2312)

singular value decomposition of the configuration matrix has only one zero and 11

nonzero singular values. The null space contains only one vector

by =(1,1,1,1,1,1,1,1,1,1,1,1).
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Configuration

o (unormalized)

o (normalized)

Shannon entropy

1.3270, 0.5324,
0.5324, 0.5324,
0.5324, 0.3550,
0.3550, 0.0000,
0.0000, 0.0000,
0.0000, 0.0000,
0.0000, 0.0000,
0.0000, 0.0000

0.1728, 0.0278,
0.0278, 0.0278,
0.0278, 0.0124,
0.0124, 0.0000,
0.0000, 0.0000,
0.0000, 0.0000,
0.0000, 0.0000,
0.0000, 0.0000

0.0000, 0.0000, undefined

Tetrahedron 0.0000, 0.0000 undefined undefined
0.0000, 0.0000, undefined

Octahedron 0.0000, 0.0000, undefined undefined
0.0000, 0.0000 undefined
4.0000, 4.0000, | 0.3333, 0.3333,

Cube 4.0000, 0.0000, | 0.3333, 0.0000, In 3=1.0986
0.0000, 0.0000, | 0.0000, 0.0000
0.0000, 0.0000 | 0.0000, 0.0000
9.3184,9.3184, | 0.2000, 0.2000,

Icosahedron 9.3184, 9.3184, | 0.2000, 0.2000, In5 = 1.6094
9.3184, 0.0000, | 0.2000, 0.0000,
0.0000, 0.0000, | 0.0000, 0.0000,
0.0000, 0.0000, | 0.0000, 0.0000,
0.0000, 0.0000 | 0.0000, 0.0000
1.3270, 1.3270, | 0.1728, 0.1728,

Dodecahedron | 1.3270, 1.3270, | 0.1728, 0.1728, 2.0241

Table 2.1: Singular spectra of Platonic solids relative equilibrium configurations

The distribution of singular values is given in Table [2.2]

Icosidodecahedron.

The icosidodecahedron has 30 vertices, which can be chosen to be

x; = (£1,0,0), i = 1,2,

x; = (0,£1,0), i = 3,4,

x; = (0,0,£1), i = 5,6,
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1

NS g ) =T
xi—\/m(ij,i(l—i—d)),il),i—15,...,22,
X; = ! (£(1 + ), £1,4¢), i = 23,...,30.

VoR T 212

The singular value decomposition of the configuration matrix has only one zero singular

value. The only vector in the null space is a vector of equal intensities
b, =(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1).

The distribution of singular values is given in Table [2.2]
Remaining Archimedean solids.
All of the other Archimedean solids configurations of point vortices have configura-
tion matrices with a trivial null spaces, thus they do not represent relative equilibria.
Singular values and Shannon entropy.
Singular value distributions associated with each relative equilibrium configuration

along with their Shannon entropy are given in Table [2.T]and Table [2.2]
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Configuration

o (unormalized)

o (normalized)

Shannon entropy

0.5381, 0.5381,

0.2117,0.2117,

2.6204, 1.1219,
1.1219, 1.1219,
1.1219, 0.9887,
0.9887, 0.9887,
0.5704, 0.5704,
0.5704, 0.5704,
0.3304, 0.3304,
0.3304, 0.3304,
0.3304, 0.2116,
0.2116, 0.2116,
0.2116, 0.2116,
0.1240, 0.1240,
0.1240, 0.0000

0.1546, 0.0283,
0.0283, 0.0283,
0.0283, 0.0220,
0.0220, 0.0220,
0.0073, 0.0073,
0.0073, 0.0073,
0.0025, 0.0025,
0.0025, 0.0025,
0.0025, 0.0010,
0.0010, 0.0010,
0.0010, 0.0010,
0.0003, 0.0003,
0.0003, 0.0000

Cuboctahedron 0.5381, 0.4660, | 0.2117, 0.1588, 1.7934
0.4660, 0.1272, | 0.1588, 0.0118,
0.1272,0.1272, | 0.0118, 0.0118,
0.0734, 0.0734, | 0.0039, 0.0039,
0.0734, 0.0000 | 0.0039, 0.0000
2.6204, 2.6204, | 0.1546, 0.1546,
Icosidodecahedron | 2.6204, 2.6204, | 0.1546, 0.1546, 2.3599

Table 2.2: Singular spectra of Archimedean solids relative equilibrium configurations
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Chapter 3

Stability

We start this chapter with introduction to the energy-momentum metho And then
use the method to investigate stability of symmetric configurations, von Karman vortex

streets and assymetric configurations.

3.1 Background

Let P be a phase space of Hamiltonian system with symplectic structure based on sym-
plectic form €2. Let H : P — R be the Hamiltonian with vector field Xy : P — TP,
ie.

DH(x) - 0x = Q(x)(Xy, 0x),Vx € P, dx € Ty P. (3.1.1)

Let F; : [0, 7] x P — P be the flow of vector field X . Then equations (3.1.1) can be
rewritten as
d

~F(x) = X(F(x). (3.12)

Let G be compact continuous symmetry group of the system, g its Lie algebra, ¥, :
P — P action of G on P for each g € G. GG is a symmetry group of the systems means
that

H(V,(x)) = H(x),Yg € G. (3.1.3)

"More details on the energy-momentum method can be found in [MR99, [SLMOT].
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For every action of G on P there is a corresponding vector field £, which can be defined

as

€r(r) = S (explee] -plco. (7)€ 0% P 3.14)

Let

g-p={8(q)l¢ € g} CT,P, (3.1.5)

be a tangent space to the orbit of the group GG - p. Assume that GG acts freely on P (thus
G - p = G). This also means that {;(¢) = 0 if and only if £ = 0.
Let F(P) = {f|f : P — R}. According to the Noether’s theorem there is linear on

symplectic leaves mapping J : g — F(P) such as
Xy =E&p,VE € g, (3.1.6)

Mapping J : P — ¢*
J(§)(x) =< I(x),£ > (3.1.7)

is called momentum map.
Now, we can define relative equilibrium using geometric approach. Point x, € P is
called relative equilibrium of Hamiltonian system with symmetry G, if every trajectory

which passes through x, can be represented as

Ft(x) = \Ijexp[tge] (Xe)a (318)

for some £ € g. In other words, dynamical orbit which contains x. coinsides with

one-parametric orbit explt,|.
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If we differentiate (3.1.8) with respect to time, from equations of motion (3.1.2)) and

from (3.1.4) we will get
Xu(xe) = (Ee)p(xe). (3.1.9)

In order to find all of the relative equilibrium configurations of the Hamiltonian

system with symmetry, we can use following theorenﬂ

Theorem 3.1.1. x, € P is a relative equilibrium of the dynamical system with Hamil-
tonian H with symmetry group G and momentum map J if and only if there isan &, € g

such that (x.,&.) is a critical point of energy-momentum functional H,, : P x g — R:

Hy,(x,€) = H(x) = (J(x) — pte) - €, (3.1.10)

where p1. = J(x.).

In other words, relative equilibria are critical points of Hamiltonian H restricted to
the level set J~*(p.) C P. Energy-momentum functional /, from Theorem can
be treated as Lagrange function in terms of optimization theory with the restrictions
J(x) — pe = 0 and ¢ as Lagrange multipliers.

To study stability of the system we will look at the definiteness of the second vari-
ation of the energy-momentum functional. According to the method of Lagrange mul-
tipliers second variation in the restricted variational problem is strictly definite if it is
strictly definite on the variations taken from the space of linearized restrictions. But
for the Hamiltonian system with symmetries second variation is not definite even on
that subspace, since Hamiltonian is invariant under the action of GG. It will have neutral

directions where the second variation is equal to zero. These directions will lie in the

2For details on the theorem and its proof see [AM78]|Arn89].
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intersection of g - x. (space tangent to G - x.) and kernel of operator 7% J. A result from

[MW?74] shows that for equivariant momentum map

g x. Nker[T J] = g,., (3.1.11)

where g,,. is a tangent space to G, - X, and G, is an isotropy subgroup of .. Lie

algebra g, can be described as

9. = {§ € gladgu, = 0}. (3.1.12)

Notice, forany v € gand 3 € g,

adzt/vbe = pe - [V, ﬁ] = "He- [ﬁ7 V] = _adzﬂe v =0. (3.1.13)

Equality (3.1.11)) can be derived from the equivariance condition if we chose g = explef]

for arbitrary £ € g, then

a
de
d

de

T J - &%) = I (Wexpiee] (Xe)) =

e=0

Ad; (J(xc)) = adipue.

exp[—e]
e=0

Thus {p(x.) € g- X, is a subspace of ker[T, J] if and only if adg /.. = 0, or equivalently

f E gﬂe'

Since H,, |5-1(u,)xq i G, invariant

D2Hue(xea ge)((AX7 0)7 (5X7 O)) =0
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forany Ax € g, -x. and 0x € Ty, I~ (1 ). Thus, relative equilibrium configuration can
not be strict extremum of energy-momentum functional. But it can be strict extremum

on the reduced space.

Theorem 3.1.2. [| Let x. be a relative equilibrium with orbit E = {expl&.t] - x.,Vt >
0}. E is a compact set in P. If energy-momentum functional H,, attains its strict
transversal to E/ extremum at the relative equilibrium x., then orbit E is a stable relative

equilibrium.

This theorem allows one simplification. The simplification is based on introduction

of notion of formal stabilityf]

Definition 3.1.3. Relative equilibrium is formally stable if
D*H, (%e, &)l (3.1.14)

is definite. Space J is a subspace of J™*(u.) C P (or equivalently J C ker[T}, J]) which

does not include neutrally stable directions.

From the definition of j and representation (3.1.11)) we have
J = ker[T,, J]/(8,. - ze)- (3.1.15)

Thus
codim(J) = codim(ker[T.J]) + dim(g,, ). (3.1.16)

The next theorem is a main theorem for the energy-momentum method and it shows that

orbital stability (stability of relative equlibirum) follows from formal stabilit

3Proof of the theorem can be found in [Kur04} [Kur05] [ KY02].
“In order to get more details see [AM78].

5The proof of the theorem can be found in [Pat92].
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Theorem 3.1.4. Assume x. is a generic relative equilibrium with orbit
E = {exp[&t] - x., Vt > 0},

Assume also that G, is a proper action and g admits inner product which is invariant
under the action of G,.. Then E is orbitally stable if x. is a formally stable relative

equilibrium.

Notice, relative equilibrium is generic if

Ep(xe) =& % #0,V€ € g. (3.1.17)

Let us also recall that action of a group is proper, if W, is a proper mapping, i.e. preimage
of compact set is a compact set.

Now let us apply the theory from the above to the problem of N point vortices on a
sphere. At first we derive vector form of the method and then coordinate form.

Energy-momentum method in vector form

Since the Hamiltonian of the system of /N point vortices is invariant under the action
of SO(3) then G = SO(3). Action of G on is P is a rotation on each copy of S? in P.
This action is a free canonical action on P. Lie algebra of G can be identified with 3

with bracket

[€,m] = & xm,VE,n €50(3).

Corresponding to £ € so(3) vector field is

Ep(x) = %exp(ft) x| = (€& xxq,..,&XxXpN). (3.1.18)
t=0
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where x € R3N = P. As it was shown in first section, momentum map is

N
J(x)=—) Iix;, (3.1.19)
=1

Using method of Lagrange multipliers, energy-momentum functional can be written

as
H/le(Xla "7XN7€) = ﬁ ZFZF] 1H(2(1 — Xin))+
N ! (3.1.20)
F 0 )€+ il = D),

To find ¢ which correspond to a relative equilibrium we use condition
0H, (x,£) =0, (3.1.21)

Or equivalently

N
j=lj#i Y

l? = 1, (3.1.22)

Xi = HMeyi, Z:L,N

If J # 0, since it is an invariant of the system, all the vortices will rotate about J.
The symmetry group is G, = SO(2). Orbits will be circles in the planes perpendicular
to J. Lie algebra is one-dimensional (dim(so(2)) = 1).

Derivative of momentum map can be written as

N
DJ(x)-y= —Zri}’u (3.1.23)
i=1
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where y = (y1,..,yn) € TxP. Thus

N
kerDJ(x) = {y € T:P| Y Tiy: = 0}. (3.1.24)

i=1

Second variation of energy momentum-functional is

N
2f.5ab _ Li T, e )=
D2, — O*Hy, i " k:lz,k;éi o T

= = ¢ (3.1.25)
e 861#%;‘ I a;jb; . .
_27rl?; <(5 by 2;17]> . 1 F£ ]

where i,j = 1,..,N,a,b € {x,y,z}, 6 = 1, when a = b and 6* = 0, when a # b.
Since both SO(3) and SO(2) are compact, thus from all the conditions of the theorems

3.1.4]3.1.2| are satisfied and we can use (3.1.25) to prove stability.
If J = 0 the symmetry group is G, = SO(3). Tangent space to the orbit is a

3-dimensional space (since dimso(3) = 3). If we identify so(3) with R*® with vector

product bracket then the tangent space is
O = {(x x x¢,x x x5, ..,x x xX§)|x € R}, (3.1.26)

where x, € R* x, = (x§$,x$, .., x5 is a relative equilibrium. Since

N N
D Tixxx{=xx) I'ix{ =xx0=0, (3.1.27)

i=1 =1

thus from (3.1.24) we have g,,, C kerDJ(0).
Complements ¢; = kerDJ(x.) © g, and €; = TP & g, will be the transversal

spaces which we need for the theorems [3.1.4]3.1.2l Good choice of the basis in these
spaces allows us to simplify matrix of the second variation. This ”good choice” is com-

pletely dependent on the configuration.
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Let B1, B, be the basis sets for the spaces €; and €, accordingly. Second variation

of H,, along B, B, is

(5 H,

B)ij = 0x; D*H, 0x;, 0%;,0x; € B, i,5=1,..,N, [=1,2. (3.1.28)

e

Energy-momentum method in cylindrical coordinates

For the axis-symmetric configurations it is convenient to use cylindrical coordinates

z; = /1 cosb;,
¢i = Sign<ri)\/ L9,
i=1,..,N.

If J # 0 we choose Oz to be aligned with J. Then energy-momentum functional will

be

H, = ﬁ [T In[2(1 — 22, — 4 /1 — zf@cos(@ —0))] —w iFizi,
- Z:1(3.1.29)
where w is angular velocity of rotation about J. Since the last term of the functional
depends linearly on coordinates, second variation of [, coincides with second variation

of H. For simplicity of computations let us multiply H by 47. Then the components of
H = 47 H are
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Fcos —¢i)\/1 ,/1—7; —2iz;) + (1= 27)(1 = 23)

2
O’H
022
2
B ZN: I,T, (zj(l —z7) —cos(¢; — ¢j)zin /1 — zj2> cos(r — éy)
j=1,j#i 2 (1 =21)\/1 =213 1=z |’
0’H
inézj

FFCOS — OV 1 =27\ J1 = 25 (ziz; — 1) + /1= 2] /1—zj2
¥ v 1- ZJZZQJ ’
@ — ZN: [0 sin(¢; — ¢j)\/1 — 22(2 — 25)

2 5
a¢1 j=1,ji 2 1— Z] Z?J
O°H _ sin(¢; — ¢;)/1 27 (2 — zj)
0900, 12 l,?j

If we know second variation of H,,, then matrix of linearized system can be found

from

d Z Z Z
o = Loy = () 'Hyy , (3.1.30)
® @ ¢

where (0°)~! inverse of the symplectic form evaluated at the equilibrium and z, ¢ are
coordinates of z;, ¢;,i = 1,.., N and Hyy = D?*(z., ¢.) is matrix of the second varia-
tion evaluated at the relative equilibrium.

Cylindrical coordinates on a sphere have 2 singularities at the poles. To remove
this undesired property we introduce mixed atlas on P. For all the point vortices which

are far enough from the poles we use cylindrical coordinates. For pole vortices we use
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cartesian coordinates (., Ym.n) and (s, y;,s) for those close to the north and south

poles respectively. Let

(-Tl,sa Yl.s, Zl,s)a

— 2 2
Rlis = 714/ 1 - Tis — Yis

I=N+1,.,N+N,

(Zm,ns Ymons Zmon)s
_ 2 2
Zmmn = \/1 " Tmn = Ymno

m=N+N,+1,..,N+N,+N,,

From the equations of motion we have

J

m(yj,szz,s - yz,st,s) +
J

J=N+1jl

N+Ns+Np Fk
+ § : (yk,nzl,s - yl,szk,n)a

oml?
k=N-+Ns+1 Kl
Uis = E 27r12(—zl75 cos pin/ 1 — 27 +x52:) +
N+N, ,
F]
+ 2712 (_xjyszl78 + xl782j78) +
J=N+15#1 7t
N+Ns+No T,
+ W(_«rkmzl,s + T 52kn),
k=N+Ng+1 Tkt

(3.1.31)

(3.1.32)
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and

N+Ns+Ny T}

+ E : 2 (yk,nzm,n - ym,nzk,n)v
2rly
k=N-+Ns+1,k#m m

Ymm = Z W<_Zm,n coS Pin/ 1 — 22 + T n2i) +

i=1

N+Ns T
+ : : 2 l2 <_xj7szm7n + Im’nzj)s) +
j=N+1 Tim
N+Ns+Nnp Fk
+ —(_kazm,n + xm,nzk,n)~
272
km

k=N+No+1,k#m

These equations can be written as

. . Zl,s 6H . . Zls 8H

xl,s - _F_S ayl7s7 yl,S - F_saxl757
, _ Zmn oH . _ Zmpn o0H
Tmn = — Fn aymma Ymn = Fn axmma

where H is a Hamiltonian in this mixed atlas

H—

+

1
1<i<g<N
i=N,j=N+Ng
Z FZF] 11’1[2(1 — 4/ 1— Z?(l’j,s COS sz + Yj,s sin gbz) — Zj,szi>] —+
i=1,j=N+1
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i=N,j=N+Ns+Np

+ Z D05 In2(1 — \/1 = 22(255 €OS i + Yjpn SN @) — 2j02i)] —

i=1,j=N+Ns+1

+ § : DL In[2(1 — 24 525,5 — Yi,sYjs — ZisZis)] —
N41<i<j<N+Ns+1

+ Z FZF] 111[2(1 — TinTjn — YinlYjn — Zi,nzj,n>] -
N+Ns+1<i<j<N+Ns+Np+1
1=N+N;,j=N+Ns+N,

+ Z FZF] 111[2(]_ — T sTin — YisYjn — Zi,szj,n)]) . (3133)

i=N+1,j=N+N.+1

Notice that z; ,,, 2; ; are the functions of x; s, ¥i s, Tjn, Yjn

_ / 2 2
Ris = T 1- Lis — Yis

_ 2 2
Zjm = AL = T = Vi

Energy-momentum functional will have following form

N N+Nj
H, =H—-w Zrizi - Z Liy/1=af, =yt
=1 i=N+1
N+Ns+Nnp,
+ > Ty f1-a?, - y2n> : (3.1.34)
i=N+Ng+1

Notice, that in contrast to simple cylindrical coordinates, last term of energy momentum
functional is no longer linearly dependent on coordinates. Thus second variation of H,,
is different from the second variation of H.

If we have at most one vortex near the north pole and at most one near the south, i.e.

if
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the Hamiltonian (3.1.33) and energy-momentum functional (3.1.34) can be simplified

to

1
H:E< Z [0 Inf2(1 — 225 — /1 — 224 /1 — 22 cos(¢ )]+

1<i<j<N
N
+ Z [0 Inf2(1 — \/1 — 22(z1 5 co8 d; + Y1 SINB;) — 21.62i)] +
=1
N
- Z DT In[2(1 — 4/ 1 — 22(21,, €08 @5 + Y1 nSING;) — 21n2:)] +
i=1
+Fsrn 11’1[2(1 — xl,sxl,n - yl,syl,n - Zl,szl,n)]) 9 (3135)

N
HNEZH_OJ(ZFZZ’L_ \/1_1'15 yls“l_r \/1 y1n>, (3.1.36)
i=1
where I',,I's are intensities of north and south polar vortices and 2z, =

\/ 1- x%,s - yis? - \/1 yln

Symmetry adapted basis

In order to simplify the computation of eigenvalues of the second variation of the
energy-momentum functional, we will be using symmetry adapted basis whenever it
will be available. The basis represents the invariant subspaces of the system symmetries.

Consider a subgroup G4 of permutation group Sy. Let the action g € G of the

group be
g-(x1,...,o5)" = (xg(l),...,a:g(N))T. (3.1.37)
There are irreducible representations V; C RY, i = 1,..., M, such that
g-Vi=Vi, Vg € Gy, (3.1.38)

52



and let v; ; € V; be the basis of the space V;. Then the change of variables

(z1,. ., on)T = yvia + o F YNV M (3.1.39)

where k), is a number of basis vectors in V). This will give us a transformation matrix
W = (v, ;). Since the transformation of coordinates is linear, the derivatives of the coor-
dinate variables will transform according to the Jacobian V. And the second derivatives

of the H,,, are

d>H d>H
dy’"‘e = WTd—X“eW. (3.1.40)

Depending on the symmetry, some of the invariant subspaces will give us blocks of

separated variables, which will allow us to block diagonalize the Hessian matrix.

3.2 Stability of polar vortex pair

Since motion of 2 point vortices is an integrable problem, we can prove stability of
vortex pair using exact solution of the problem. To find the solution, consider equations

of the motion in vector form

i = = r T X X; = —J x iy

T or (x; — x;)? 2#[%2( o+ Toxg) > x 27l3, *
i=1,2,7=12,j#1,

|l = 1,0 = 1,2. (3.2.1)

From (1.2.3) we have
diiy _
dt
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N -

X2+6X2 X2

Figure 3.1: Perturbed degenerate vortex pair

Thus 12, = const for any configuration of 2 point vortices and equations (3.2.1]) describe

rotations of x;, ¢ = 1, 2 around constant vector #J .
12

Theorem 3.2.1. Degenerate vortex pair configuration (X = —Xo, I'y = —1'3) is stable

equilibrium configuration.

Proof. By adding small perturbations dx; and dx, to the given configuration we get
nondegenerate vortex pair configuration. This configuration will rotate around fixed
vector J = ['(xy 4+ 0x1) + I'a(x2 + 0x2) and thus it will stay within spherical caps

centered at x;, X5 with angular radius « equal to

J-J T (x; + 6%,
a=cos ' [ —=——— | + max{cos™! [ —= (i + 0%,) i =1,2}.
[IH]J]] [|I]1]xi + ]|

Notice, that for any two perturbations dx;, 0x, from spherical caps with radius « vectors

J, J will stay inside one cap with radius . Thus for any ¢ > 0 exists v = & /3 > 0, such

that for any perturbations dx;, dxs from spherical caps centered at x;, Xy with angular
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radius « perturbed system will stay within spherical caps centered at x;, x, with radius

E. O]

Thus polar vortex pair with equal and opposite intensities is a stable configuration

of point vortices.

3.3 Stability of tetrahedral configurations

As it was shown in previous section, tetrahedral configurations are relative equilibrium
configuration for any choice of I';, ¢ = 1, .., 4. In this section we will start with stability

of non-degenerate configurations (J # 0).

Theorem 3.3.1. Non-degenerate tetrahedral configurations are nonlinearly stable if

D30y (0373 + 2085 4+ T2T5 4 [iTels — 5051305 — 5TTE0s 4+ 515 +
+T30,T5 + 2030515 + Ty 1505 + Doy — 505150, — 5Ty +
+T 50, — 8T3T, sy + 3203 33, — 81 [5lsly + [Tl —
—50 T,y — 5045050, + Tal3Ty + T3, + 2070503 + Ty I5T5 +
30315 — 5I3T,0303 — 5T 5303 + TalsI3 + D2T20% + 20, T35 +
+T303T3) > 0, (3.3.1)
D T4+ ) TITy — 30T DIl > 0

ity P Rl 1121314 > )
i>j i£j#k
D Do (T2(Ty 4+ Ty) 4 Tol's(Ty + D) + I (T2 — 61,0 + T'2)) x
X (Dol2T (T3 (203 — [y)[y 4+ T302 4 T5(Is +Ty)? +
+T2(T5 — T3T2)) + THIT2T(Ts + Ty)? + T3(T2 + 330 + %) +
+T,05(I5 — 2150, — 50315 — 2I7%) + T3(20% + 20515 + T13)) +

HT2(T4(205 — T)I2 — ToI3T, (412 — 81Ty + I'2) +
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+T505(—40% + 14130 + 260515 — 5I3) + [5(20% + 20505 + %) +
+20503(T5 + 13750, — 190307 + 3T3)) + I D3(T305 —

—2T,T5T3 (213 + Ty) — T3, (405 — 8T30y + T3) +

+T5(T3 — 2127y — 50512 — 213) 4 IaTg(Ts — 14050 — 50515 +41%)) +
+T3(T5T4(T5 — T9) + T5(T5 + 3730y + ') + [al3(—4T5 + 14050, +
+26130% — 5I75) — 2T5(215 + 12050, + 101305 — T%) +

HT5T2(03 — 14027, — 5T502 + 413))) > 0.

Proof. To prove this theorem we will use vector form of energy-momentum method.
Since J # 0, thus G = SO(2)(i.e. symmetries are rotations about vector J). Tangent
to the orbit space is g,, = span{y, = (J x x1,J X x,J x x3,J x x4)}. To find &;
we choose two linearly independent vectors vy, vy, € R? in each copy of S?. Lets also
choose these vectors in such a way, that the vectors x1, X, X3, X4, J and vectors vy, vy

are not co-planar. Consider following basis for the 75 _P:

e = (x; x v1,0,0,0),

e® = (0,x3 x v1,0,0),

e® = (0,0,x3 x v,0),

e® =(0,0,0,x; x vy),
e® = (x1 x v5,0,0,0),

o0

(07 X9 X Va, 0, 0),

e = (0,0,x3 x v3,0),

e® =(0,0,0,x3 x vy),
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Leta;,2=1,..,4 [5;,7=1,..,4 be the solutions of

4 4

Z Fiaixi =V, Or Z Fiozixi = O,

e e (3.3.2)
> TiBixi = va, or Y T'ifix; = 0.

i=1 i=1

4 1
Theny = Y aze® + 3" B;e*4 will belong to ker DJ(x,), since
i=1 i=1

4 4
1
DJ - Yy = —; (Z I’iaixi X Vi + Z Fzﬁzxz X V2> = 0,
i=1 =1

From J ¢ span{vy, vo} we have

4 4
Jé¢ K= span{z e + Z B:e™|q;, B; - solutions of (3.3.2)}.
i=1 i=1

From we have that dimension of ker DJ(x.) is 2N —3 = 8 —3 = 5. Dimension
of g, is 1, thus dim(€;) = 5 — 1 = 4. Since every equation in has N —2 =2
linearly independent solution and vectors vi, vo are linearly independent we obtain
K =1¢,.

Let vi = I'1x; 4+ I'gxy + I'sxg and vy = ['1x7 + axs + ['yxy. Since ['1T5I'31 #
0, thus x1, Xy, X3,X4,J ¢ span{vy,vy}. One of the simplest solutions of the system

(.3.2) are

Oégl) = 17 Oégl) = 17 Oéi(al) = 1,044(11) = 07 ﬂz(l) = Oa L= 17 74

8P =1, 89 =1, 82 =082 =1, a® =0, i = 1,..,.4.
m_1 o_1 o_1 o_1

Qaq :]_—‘_1’ Qg _F_Qa Qz = .0@ __4’ ﬂz(g):()ﬂl:]-))él
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Thus basis of €; is

D — o) 4 o® 4 o —

= (Tax1 X X9 + I's3x; X x3, —['1X1 X X3 + 3%y X X3,
—I'1x; x x3 — ['9xy X x3,0),

€2 — o) 4 o) 4 o® —

= (Tax1 X X9 + I'yx3 X x4, —['1X1 X Xg + [yxo X Xy,

O, —F1X1 X X4 — FQXQ X X4>,

£® _ Filea) i Fize@) n Fige@) n %4&4) _
r Iy r
= (F_1X1 X Xg + F_1X1 X X3, F_2X1 X Xg + F_2X2 X X3,
Fl FQ Fl FQ Fg
—F—3X1 X Xg — F_3X2 X X3, —F—4X1 X X4 — F_4X2 X Xy — F—4X3 X X4),
(@ _ Filew) i Fizew) n Figem n %49(8) _
= (—2X1 X X9 + — X1 X Xy, EXl X X9 + —Xg X Xy,
I'y Iy [y Iy
I'y [y L'y Iy [y
—F—3X1 X Xg — F_3X2 X X3 + F_3X3 X Xy, —F—4X1 X X4 — F_4X2 X Xy).

If we choose the coordinates of the vertices

I
—~
=
—_

X1

sl
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Then

From (3.1.22) we have

302
ki=——%,1=1,..4,
327

£ =(61,6,8),
V3([ +Ty — 5 —Ty)

167 ’
\/§(F1—F2+F3—F4)

167 ’
\/g(rl —Ty—T3+1Yy)

& = 167 '

&=
2=

Second variation of energy-momentum along €), j = 1,...41is

D’H,

e

el j=1,..4 = (dij)izl,..,4,j:1,..,4a
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where

1 1 1
dy = —§F?F2F4 - grlrgn - §F§P3r4 + 2 TolsTy —

1 1 1
—§F§F3F4 — grlrgm — grzrgm,

1 1 1

doy = —grfrzrg - grlrgrg — grirgn + 2 TolsTy —

1 2 1 2 1 2
—5 T3l — STl — STLI4l,

4T T 2r, TWI3 4000 375 46T
dsg = 212 — orz - L= _——2_ - —
% 1T T3 TR T 3R T, 3 3T, 3

I3l ot [T DIy T, T4 i 200,05

3T, # 3T, 3, 30y 3Ty, 30y Iy

IFRNR IV R 0y SR v I VIR ) W ¥ I VN1 0 VR v VI
3ry, 3r, 3L, 3L, 30, 30 3T 3T
IR PR I VI ) VR v

3T 30y 30 30y

AT Ty or? [Ty I3 T T30y i
3 S 3T 30, 3T, 3T,
r,r2 rry; or I,y I3y 40T, I, 40T, T,
3T, 3Ty 3T, 3, 3 30 3 3,

_Iiry N oI ol T3y N oT, 3T, N o, 5T, ore II?

305 I 305 3T, 3T, 430,
L2 T2 T2 T2 ISl

3 3l 33 30y 3l

dyy =217 —

1 2 1
dig = dy = grfrgn — §F1F2F3F4 + grgrgn,
1 1 1 1 1
dyy = ds; = grfrg - §r1r§ + grfrg — 2l Tyl + grgrg + grlrg 1
1 2 2 2 2 2 2
+§r2r§ — gF?H + grlrgm — grgm + grlr?,m + grgr?,nl — grgm,
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1 1 1 4 1 2

d14 - d41 - gF%FQ + §F1F§ + grfrg - §F1F2F3 + grgrg - §F%F4 +
2 2 1 1
+§r1r2r4 — grgm + §F1P3r4 + §P2r3r4,
1 1 2 2 2 1
dos = dgy = grfrg + grlrg — grirg + grlrgrg - §r§r3 + §r§r4 —
4 1 1 1
—§F1F2F4 + §F§F4 + §F1F3F4 + §F2F3F47
1 1 2 2 2 1
doy = dyy = §F?F2 + grlrg — grfrg + §F1F2F3 — grgrg + gF?H —
1 2 2 1 1 2
—oI oy + grgm + grlrgm + grzrgm + grlri + grzri - grgrj,
AT Ty r2r, o2 omr;  Iery
dgy = dyg = 212 — oz L= 2_ -
I Nt A TORE TN 3 3T,

oDl TE0s I3, T3 T30 ALl T30 2DWIy

3 3ar, 3y 30, 30y 3T, 3, 3
IRSVIIV VIR VI b1 V| 3 SR VI
3T, 3 30, 30 3T 3T 3
I3l Toll
+ 11344 + 213 4‘

Iy I'

According to Sylvester criterion this form will be positive definite if and only if 2nd
and 4th minors are positive along with a product of 1st and 3d minor. After some

simplifications these conditions can be transformed to (3.3.1). O

Without loss of generality we can put I'y = 1. Then 3-parametric stable region is
shown on Figure[3.2and Figure[3.3]

Now consider degenerate case (J = 0). To get Z?Zl I';x; = 0 we must have
I'x; = — 2?22 I';x;. For tetrahedron it is possible only if 'y = ['s = I'y. By the
index rotation symmetry we will get I'y = 'y, = I'3 = I'y. This means that only if

I'; = I'; we have degenerate tetrahedral relative equilibrium configuration.
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3

Figure 3.2: Stable region for tetrahedral configuration

Theorem 3.3.2. Degenerate tetrahedral configuration (J = 0) is a stable relative equi-

librium configuration.

Proof. Without loss of generality, assume
=Ty=T3=0Iy=1. (3.3.3)

For this theorem we will use coordinate form of the energy-momentum method. Let us

choose following coordinates for the vertices

1
2’2——7?;7 ¥2
1
BTV

T
) 903:_17
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1] 1

I,

Figure 3.3: Stable region for tetrahedral configuration. Plane I'; = 1,1y = 2

1 3T

Z4 = 73, Y4 = —Z (334)

Then second variation of the energy-momentum functional will have following eigen-

values

9 21 21 9 1
_Zu _1_67 _Ev _§7 _5707070

Since dimso(3) = 3, we have to have 3 zero eigenvalues. All the others correspond
to the transversal directions and, as we can see, they have the same sign. Thus by the

Theorem [3.1.2] the configuration is stable. O

3.4 Stability of octahedral configurations

Similarly to tetrahedral case, octahedral configurations will be relative equilibria for any

choice of I';, 2 = 1, .., 6. Using techniques developed in previous section, we get
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Theorem 3.4.1. Non-degenerate octahedral configurations (J # 0) are nonlinearly

stable if

=1,...
e
,,,,,
.....
=1,.., 1] ¥ V[\*Mg Jr,)=1,...,

e

.....

where

1
diy = 51T (T (I = 2 (s + L)) + Ty (T = 2 (T5 + 1))

dip = doy = I'3T3T,

1
dis = d3; = —§r§ (I —Ty+2(T5+T%)),

dyy = dy = —%Pf (T3 — Ty +2(Ts+T)),

dis = ds = 23 (I +T'y)

d16 = d61 = 0:

di7 = dp = —%F% (F3 =Ty +2(5+T)),

dig = dg; = 2T,

dyy = %rl (P —2(T3+Ty)) T3 — Ty (213 + 30605 + 206 (I's + Ty + 1)) )
dos = d3y = 0,

doy = dygp = 21T,
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1
das = dsy = —irf (23 +2Iy = T'5 + T),

—_

d26 = d62 = = (Fl - FQ +2 (Fg + F4)) F5F6,

[\

do7 = d7e = 2T (T'y — T'5) T,

1
dog = dgo = —§r§ (23 + 2Ty — T's + Tg),
[2(T7 —2(Te+T5+T6) Ty + Ty (T — 2(I's + Tg)))

dsz =
33 2F1F2 )

d3q = dyz3 = 0,

dss = ds3 = 4T3,

d36 = d63 = 07

ds7 = dr3 = 0,

d38 = d83 = 07

dus — [2(T2 -2(Ty+T5+T6) T3+ Ty (Ty — 2 (s + Tg)))
44 2F3F4 )

d45 = d54 = 4F%7

d46 = d64 = 07

Do — o — [2(T2—2(Ty+T5+4T6) T3+ T4 (Ty—2(T5+T)))
47 74 2F3F4 )

d48 = d84 - 4F%7
((Ts —Tg)* — 203 (T5 + Tg) — 20y (U5 +T)) T

-
o 90T
B 21—% (F5 + F@) Fl + F% ((F5 — Fﬁ) 2 2F2 (F5 —|— Fﬁ))
I.Ts ’
d56 = d65 = 07

ds7 = drs = 4T7%,
2 ((T5 —Tg)% — 203 (T's + T'g) — 24 (5 + T))

d p— d p—
58 85 2F5F6 ’
g (T7 2T+ T34+ Ty +T5 (Fy —2(F3 4 T))) ITg
66 o, Ty ’
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de7 = drg = 4T,

d68 == d86 - 07
o (T3 —Ty)2—2(T3+T)T5)T2 — 2 (03 +Ty) r6rf+
77 orsT,
. (D3 —T4)2 =20 (T's + Ty) — 205 (s +T'y)) T2
orsI, ’

drg = dg7 = 4T'Y,

2 ((T5 —Tg)? — 25 (T's + ) — 2Ty (T's + T))
dgg = .
251

Proof. To prove the theorem we follow the steps we did for the tetrahedral configuration.
Since J # 0, thus G = SO(2) and tangent to the orbit space is g,, = span{y, =
(J x x1,J X x9,F x x3,F X x4,J X x5,J X x6)}. To find €; we choose two linearly
independent vectors v{, v, € R? in each copy of S2. Lets also choose these vectors to

be non-coplanar with any two from x1, X, X3, X4, X5, Xg, J. Consider basis for T_P:

e = (x; x v1,0,0,0,0,0),
e® = (0,x; x v1,0,0,0,0),

e® =(0,0,%x5 x v{,0,0,0),

e® =(0,0,0,x, x v{,0,0),
e® =(0,0,0,0,x;5 x vy,0),
e® =(0,0,0,0,0,xg x vy),

el” = (x X v,,0,0,0,0,0),

o®

(07 X X Vy,0,0,0, O),

e® = (0,0,x3 x v4,0,0,0),

(10)

e (0,0,0,x4 X v2,0,0),
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e™ =(0,0,0,0,x5 X vs,0),

e = (0,0,0,0,0,x X vy),

Leto;,i=1,..,6 B;,i=1,..,6 be the solutions of

6
FiOéZ'XZ‘ = 0,
i=1

6
FiOéiXi =V, Or
=1 1=

1=

6 6
Y Lifix; = vo, or Y I'ifix; = 0.
i=1 =

=1

(3.4.1)

Theny = > ae® + 3" Bel™™ will belong to kerDJ(x,). From J ¢ span{vy, vy}
i=1 i=1
we have

6 6
Jé¢ K= span{z ae® + Z 39|y, B; - solutions of (3.4.1)}.
i=1 i=1

From we have that dimension of ker DJ(x.) is 2N —3 = 12—3 = 9. Dimension
of g, is 1, thus dim(€;) = 9 — 1 = 8. Since every equation in has N —2 =4
linearly independent solution and vectors vi, vo are linearly independent we obtain
K =¢,.

Choose the coordinates of the vertices

x; = (1,0,0),
x5 = (—1,0,0),
x3 = (0,1,0),
x4 = (0,—1,0),
x5 = (0,0, 1),

xg = (0,0, —1).
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Then from (3.1.22) we have

[y — 212
ky = #, ks
167
sy — 2F§
kg = —"——2 [
3 ]_67T s 4
e I'sg — 21“%
5 — ]_67T y G

' -1y, I's =1y

DDy — 22
B 160’
Iyl — 212
167 '
Tyl — 22
N 160’

§

(

4

47

I's — F6)

47

Let Vi = F1X1 + F3X3 + F5X5 and Vo = F1X1 + F3X3 + F6X6. Since none of

the I';, © = 1,..,6 is zero, Xi, Xg, X3, X4, X5, Xg, J are not in span{vy, vo}. One of the

simplest solutions of the system (3.4.1) are

(1)

Qq

=1, o =10V =0, gV =0, i=1,.,6, j = 2,4,6.

552) —= 1’ /BéZ) = 1’ /Béz) = 17/8](2) —_= 07 CYEQ) = 0’ Z = 1’ ..’67 ] - 2,4, 5

@_ 1 @_ 1

(0%} Fl,Oéz Fz,aj 7/81 y b ye2 0y ] 9 ey e
1 1

off = = ol = = ol =0, 8 =0, i=1,..6,j = 1,2,5,6.
3 4
1 1

of) = o o) = = ol =0, 87 =0, i=1,..6, = 1,...4
5 6

O _ L g0 _ L 50 _o 00 _g i1 .6 j=3.6

51 FlaﬁZ F2aﬁ] 7az 72 RS 7] 9ty Y
1 1

B = =, B = = 7 =0, al” =0, i=1,.,6,j = 1,2,5,6.
I's Iy

& _ L oge_ L oo g O i1 g =14

55 F57ﬁ6 F6’BJ 7&1 aZ RS 7] RS
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Thus basis of €; is

(® _ Fileu) n r%e@’
(@ _ Fige@) n Fi4e<4),
) _ Fi5e<5> n Pie,e@’
(© _ Filem n %e@),
(M _ Figew) n %e<1o>,
(® _ F15e<11> +Fl6 (12)

Second variation of energy-momentum along €, j =1, .., 8 is

D*H

Me

) 1,8 = (dij)i=1,..8j=1,.8-

And the second variation is definite if all of the even minors are positive as well as

products of odd minors. [

In order to get some understanding of the stability region, we put I'; = 1,7 =
1,...,3. Then the 3-parametric projection of stable region is shown on Figure [3.4]

Since octahedron has four vertices in one plane and other two on perpendicu-
lar line to the plane, the only possibility for degenerate relative equilibria is the case

Fi — Fj, Z,] - 17 ,6
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Figure 3.4: Stable region for octahedral configuration

Theorem 3.4.2. Degenerate octahedral configuration (J = 0) is a stable relative equi-

librium configuration.

Proof. Here we repeat the argument we used for tetrahedral configuration. Without loss

of generality, assume

Fl = Fg - F3 = F4 == F5 == FG =1. (342)

Using the coordinate form of the energy-momentum method with coordinates

£ = \/L§7 Y1 = 07

1 2T
2= 5 P2 ?’

1 21
z3 = 757 Y3 = _?7
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1 m
Z4 = —75, Yq = §

1 T
Z5 = _757 Y5 = _ga
26 = _\/L§7 Y6 =T,

we get second variation of the energy-momentum functional with following eigenvalues

3 3 31
—2,—=

27 _57 _57 5707070

Since dimso(3) = 3, we have to have 3 zero eigenvalues. All the others correspond to
the transversal directions and since they have the same sign, by the Theorem the

configuration is stable. ]

3.5 Stability of cubic configurations

As we know from the previous chapter, configuration matrix for the cube has five dimen-
sional null space. This means that in order to do the general stability analysis we have to
introduce 5 parameters and then study 8*2-4=12 dimensional second variation matrix.
To simplify computations and to be able to visualize the regions of stability in this sec-
tion we will study stability of superposition of the axis-symmetric cubic configurations

which are represented on Figure 3.5

Theorem 3.5.1. Cubic configurations are nonlinearly stable if

(6I'* — 'y (T +303)) > 0,
B11Bgi—12i-1 >0,

BQZ‘,QZ' >0,i=1,..,5.
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Figure 3.5: Superposition of axis-symmetric cubic configurations

where B, ; is ith principal minor of B, which is given in Appendix|B|

Proof. Since the configurations are axis-symmetric, it is convenient to use cylindrical
coordinates aligned with vector J. If we chose coordinates of the vertices of the cube in
the form (2.3.3)) and then use symmetry induced basis for the space €; we get following

matrix of second variation

—8 (T2 T2) 0 0
D*H, |e, = 0 —2(T2 —T2) (6I% — T, (T +3T5)) 0 |
0 0 B

(3.5.1)
where matrix B is a 10x10 matrix with components given in Appendix B.
Since matrix D?*H,_|¢, has to be definite, using Sylvester criterion we will get the

conditions of the theorem. L]

Visualizations of these conditions are given on the plots Figure [3.6| and Figure
The second plot is a plane I' = 1. All the other planes ' = z are just rescaled versions

of each other.
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Figure 3.6: Stability region for cubic configurations

As we can see from the plots, configurations (I',T',,I's) € {(1,0,0),(0,1,0)} are

not stable. We can even prove that they are unstable.

Theorem 3.5.2. Relative equilibrium configurations (I',T,T5) € {(1,0,0),(0,1,0)}

are linearly unstable configurations.

Proof. Matrix of linearized system can be obtained from the second variation of Hamil-
tonian by multiplying the second variation by inverse of symplectic form (3.1.30).

Eigenvalues of linearized system for configuration (I',I',, I's) = (1,0, 0) are

V15 15 v15 V15
i 37i\/§ai\/§7 _Z\/§7 _Z\/§> _Z\/_v_ 4 7_\/4—7\/4_7 4 707070707070
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Fﬁ oL -/ / \ |

Figure 3.7: Stability region for cubic configurations. Plane I' =1

And for configuration (I', T',, ') = (0, 1,0)

\/14 \/14 \/14 V14
: +—5,——\/65—2\/145,

64 32 64 32’64 32 V64 328
\/65—2\/14 \/65—2\/14 \/65

VIB, 5= 5

As we can see both of the configurations have eigenvalues with positive real parts. Thus

the configurations are unstable. ]

Notice that configuration (I', I',, I'3) = (0, 0, 1) is a vortex pair and, as it was proven

above, it is stable. But this stability is not captured by the energy-momentum method.
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Figure 3.8: Superposition of axis-symmetric icosahedral configurations

3.6 Stability of icosahedral configurations

From the previous chapter we know that configuration matrix of icosahedral config-
uration has the seven dimensional null space. Thus general stability analysis will be
in seven dimensional space. As in the cubic case, to simplify computations and to be
able to visualize the regions of stability we will study stability of superposition of the

axis-symmetric icosahedral configurations which are represented on Fig/3.8]

Theorem 3.6.1. Icosahedral configurations are nonlinearly stable if

(10r2 T, (4ra + \/Brﬁ)> >0,
—8(I*=TI?2)Cy1 >0,
—8(I'*—T2%) Dy, > 0,

Ci1Coi—12i-1 > 0,
Caoii >0,i=1,..,4,
D, 1Dy 12i-1 >0,

DQZ',QZ' > O, 1=1,..,5.
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where C,; ; is ith principal minor of matrix C. Matrices C and D depend on the intensi-

ties I'; and their components can be found in Appendix|B|

Proof. Since the configurations are axis-symmetric, we use cylindrical coordinates
aligned with vector J. If we chose coordinates of the vertices of the icosahedron in
the form (2.3.4) and then use symmetry induced basis for the space €; we get following

matrix of second variation

—8(I? —T2) 0 0 0
DH,Je, = 0 —5 (2 —T?2) (10I? =T, (4T +v505)) 0 0
0 0 C 0
0 0 0 D
(3.6.1)

where C is a 8 x 8 matrix and D is a 10 x 10 matrixf}

Since matrix D*H,,,

¢, has to be definite, using Sylvester criterion we get the con-

ditions of the theorem. O]

Visualizations of these conditions are given on the plots Fig[3.9]and Fig[3.10] The
second plot is a plane I' = 1. Regions of stability are self-similar in each parallel section
of the region. This agrees with the observation that the problem allows linear rescaling
of I'’s.

Notice, that in contrast to the cubic case, icosahedral configuration (I', 'y, I's) =
(1,0,0) is a stable relative equilibrium configuration. It has growing with I" region of
stability and this can be used to stabilize relative equilibrium, since if we increase I’

sufficiently, we will get inside of the stability region.

See Appendix Q for details.
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Figure 3.9: Stability region for icosahedral configuration

As we noted in the previous section, configuration (I', T',, I's) = (0,0, 1) is a polar

vortex pair and is a stable configuration.

Theorem 3.6.2. Relative equilibrium configuration (I',T',,I's) = (0,1,0) is linearly

unstable.

Proof. As before, if we multiply matrix of second variation of the Hamiltonian by the

inverse of the symplectic form then we can find the eigenvalues of linearized system

—1.98083, 1.98083, 1.98083, —1.98083, 1.869337, —1.869331, 1.869337, —1.86933¢,
1.43418, —1.43418, —1.43418,1.43418, 1.32288:, —1.32288s,

—0.513637,0.513637,0.513637, —0.513637, 0, 0.
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Figure 3.10: Stability region for icosahedral configuration. Plane I' = 1

As we can see there are six of them with positive real part. Thus the configuration is

linearly unstable. O

3.7 Stability of dodecahedral configurations

As it was shown in previous chapter, configuration matrix for the dodecahe-
dron has 4 dimensional null space. In this section we will study stabil-
ity of axis-symmetric linear superposition of two vectors of intensities I' =
(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,1, 1, 1) and 'y, = (1 + ¢, 1 + ¢, 1+, 1 + ¢, 1 +
b, 0,0,0,0,0,1,1,1,1,1,0,0,0,0,0) (see Figure.

Theorem 3.7.1. Dodecahedral configurations I, I', and I" + T, are unstable.
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Figure 3.11: Superposition of axis-symmetric icosahedral configurations

Proof. As in previous section, by using cylindrical coordinates and symmetrically
adapted basis we can find that the Eigenvalues of linearized system for the configuration

T are

0. +9.33742i, 0. — 9.33742i, 0. + 9.337424, 0. — 9.33742i,
0.+ 9.33742i,0. — 9.33742, 0. + 9.337423,0. — 9.33742i, 0. + 9.322814,
0. — 9.32281i, 0. 4 9.322814, 0. — 9.322814, 0. + 9.32281,

0. — 9.32281i, 0. 4 9.322814, 0. — 9.322814, 0. + 9.32281,

0. — 9.32281i, —6.25625, 6.25625, —6.25625, 6.25625, 6.25625, —6.25625,
—5.44797,5.44797, —5.44797, 5.44797, 5.44797, 5.44797, 5.44797,

—5.44797, —5.44797, —5.44797,0,0,0,0,0,0

Thus the configuration is unstable. The eigenvalues for I',,

0. + 23.0426¢, 0. — 23.0426¢, 0. 4 18.832z,0. — 18.832¢, 0. + 16.46751,
0. —16.46757,0. 4+ 14.82557,0. — 14.8255¢, 0. + 13.9323¢, 0. — 13.9323¢,

—12.3428,12.3428, 0. 4+ 11.12273,0. — 11.12274,9.34178 + 0.635914,
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9.34178 — 0.635914, —9.34178 + 0.63591i, —9.34178 — 0.635914,

0. + 6.90988i, 0. — 6.90988i, 6.06939 -+ 0.597374, 6.06939 — 0.59737i,
—6.06939 + 0.597374, —6.06939 — 0.597374, —3.38402 + .5462961,
—3.38402 — 0.5462961, 3.38402 + 0.5462961, 3.38402 — 0.5462964,
2.14816, —2.14816, —2.14816, —2.14816, —2.14816,

—2.14816,2.14816, 2.14816, 2.14816, 2.14816, 0, 0

The configuration is unstable as well. And for the configuration I', 4+ I'

0. + 32.4149i, 0. — 32.4149i, 0. + 28.48964, 0. — 28.48961,

0. + 26.3144, 0. — 26.314i, 0. + 23.7701i, 0. — 23.7701,

0. +20.93217, 0. — 20.9321i, —18.2794, 18.2794, 0. + 17.53584,

0. — 17.53584, 15.7541 + 0.5844154,

15.7541 — 0.584415¢, —15.7541 + 0.584415i, —15.7541 — 0.5844154, 0. + 14.82554,
0. — 14.8255¢, 0. + 14.3331i,0. — 14.33314, 0. + 12.5094i,

0. — 12.50944, —12.1304 + 0.8916113,

—12.1304 — 0.8916114, 12.1304 + 0.8916113,

12.1304 — 0.8916114, 0. + 10.232i, 0. — 10.2324,

—9.79623 + 1.41522i, —9.79623 — 1.415224,9.79623 + 1.41522i,

9.79623 — 1.41522:¢, —8.47321, 8.47321, 0. + 0.6600757, 0. — 0.6600757, 0, 0

Thus the configurations are unstable. U
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Part 11

Point singularities on a plane
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Chapter 4

Introduction

We start the the second part by introducing the model of complex point singularity. We
derive equations of motion by doing linear superposition of velocity vector fields. Then

we consider symmetries of the system.

4.1 Equations of motion
Consider the vector field at = = 0 governed by the complex dynamical system:

2k

ri1i
Z—__

= —, z(t)eC, T eC, teR>0, “4.1.1)
211 2

where z* denotes the complex conjugate of z(t). Letting z(t) = r(t) exp(if(t)), I' =

I, + I, gives:

: I
T e 27‘-7"’ (4.1.2)
) T,
0= 55 (4.1.3)

r(t) = \/(%)th((}), “.1.4)
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o(t) = 4.1.5)
55t +60(0) if I; = 0.
When I', # 0, I'; = 0, the field is that of a classical point-vortex (figure a),(b));
when I, = 0, I'; # 0 it is a source (I'; > 0) or sink (I'; < 0) (figure Fl;fkc),(d)), while
when I', # 0, I'; # 0, it is a spiral-source or sink (figure [.1(e)-(h)).

® @ ¥ %

@T,>0T;=0 I, <0T;=0 @©I,=0T;,<0 (@I,=0,T;>0

@ © & ¢

@©T,<0,T;<0 (HI,>0T;>0 (9T, >0, <0 (T, <0,T;>0

Figure 4.1: All possible flowfields at the singular point z = 0 associated with the dynamical

system (#.T.1).

A collection of N of these point singularities, each located at z = 25(t), f =

1, ..., N, by linear superposition, produces the field:

=z

L1 T's |
o ‘ = IyeC. 4.1.
2= 2o 2(t) = a(t) +iy(t) € C, TzeC 4.1.6)
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Then, if we advect each by the velocity field generated by all the othersﬂ we arrive at

the complex dynamical system:

N
. 1 /F/B .
= = NI TB L ) = a,(t) +iya(t) €C, T4eC, 4.1.7
z, i 2 20— 25 2a(t) = 2o (t) +iya(t) € 5 € (4.1.7)

where / indicates that 8 # a.

4.2 Symmetries of the system

It is easy to see that the system doesn’t have a canonical Hamiltonian structure. Indeed,

for example is case of 2 point singularities the equations of motion are

s LTy
t 27Ti21 - 22’
s LTI

2 211 29 — 21 ’
or in cartesian coordinates

1 Th(z1 — @) + Th(y1 — 3o

T (= w1 — )
o 1w —@e) — D5(y1 — o)
1= 21 (Il — x2)2 + (y1 — y2)2
iy = 1 Ti(ze — 1) + (g2 — w1)
21 (z —x1)2 + (Y2 — y1)?
s = 1 T —21) = Ti(y2 — y1)

o1 (132 — :L’l)2 + (y2 - y1)2

'One might characterize this dynamical assumption by saying that each singularity ‘goes with the

>

flow’.
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where I'; = I'; + z'F;'», j = 1,2. Then in order to have canonical Hamiltonian system we

must have

where C' € {1, —1}. Thus

OH _ 1 Ty(x1 — x2) + Th(y1 — u2)
Oy 21 (1 —22)% + (1 — Y2)?

, =

I I 1 Y1 =Y
H = C—=21n[(z; — 2,)* —y2)*] + C—2—tan™"
1 nl@e = 22)" + (1 — )" + s f(@1) + g(x2,2),
But
OH 1 I (zy — I —
_2L 2(21 73) _ 2 _ tan—1 Y1 — Y2 4
Oy 21 (21 — 2)% + (11 — 12)* (21 — T2) Ty — T
I Y1 — Y2 T — X2
4 2 ( ) - + f/(xl) 7£

Ty — Ty (21 — 22)% (11 — 22)% + (Y1 — ¥2)
4 1 T —22) = Th(1 — 9o)
21 (21 — 22)? + (y1 — y2)?

This argument can be generalized for non canonical symplectic structures.
But even though the system is not Hamiltonian, it still has some symmetries.Since

the system is translation, rotation and scale invariant, it suggest that some kind of linear
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and angular momenta should be preserved. We now show that close analog of “"moment

of vorticity” is indeed preserved for the point singularities. Clearly

N . 1 N N Farg
; a—%ZZ’%_ZfO-

a=1 g=1

Thus

N
=) Thz,
a=1

is a conserved quantity. We call it conjugate moment of intensity.

Additionally, since the equations of motion can be rewritten as

N N
d * / F,B / FIB
—(Ra — % = - = ]
dt( 2 ; 2o — 28 ; 2y — 23
or

N
l.;szzlrﬁ (i_i)v

o \las by

4.2.1)

where l,3 = z, — 23 is a vector connecting z, and zg. This allows reduction of the

system by one complex variable (or by two real). The reconstruction of the original

variables can be done as follows

21:(),

29 =21 — l12,

ZN = ZN-1 — lel,N-

(4.2.2)
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This means that we can fix one of the singularities at the origin. The [, variable no
longer have the translational symmetry. But the rotational symmetry is still present and

gives the preservation of conjugate moment of intensity.

87



Chapter 5

Fixed equilibria

In order to study fixed equilibria we use ideas developed in the first part. The config-
uration matrix approach is used to prove existence and uniqueness results. The singu-
lar value decomposition and Shannon entropy are used to find and characterize fixed
equilibria. More detailed study is performed for N = 2, 3,4 point singularities fixed

equilibria, collinear fixed equilibria and equilibria along prescribed curves.

5.1 Existence and uniqueness
As we have shown earlier, equations of point singularity evolution in 2D are

o % / Fﬁ

- atE at .at (C, r C, 5.1.1
2 Ty =) ) €T Ty 5.1

In order to find fixed equilibria we have to find solutions of point singularity equa-

tions (5.1.1)) for which 2% (¢) = 0. For this, we have the N coupled equations:

N

r
' -0, (a=1,..N), (5.1.2)
Za T 28

=1

where we are interested in positions z, and strengths I', for which this nonlinear alge-
braic system is satisfied. Since Eqn (5.1.2) is linear in the I"’s, it can more productively
be written in matrix form

AT'=0 (5.1.3)
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where A € CV*V is evidently a skew-symmetric matrix A = — AT, with entries [aq,] =

0, [ans] = = —[ap|. We call A the configuration matrix associated with the

Za—28
interacting particle system (5.1.1). The collection of points {z1(0), 22(0), ..., zx(0)} in
the complex plane is called the configuration.

From (5.1.3), we can conclude that the points z, are in a fixed equilibrium configu-
ration if det(A) = 0, i.e. there is at least one zero eigenvalue of A. If the corresponding
eigenvector is real, the configuration is made up of point-vortices. If it is imaginary, it is
made up of sources and sinks. If it is complex, it is made up of spiral sources and sinks.

mn %
d"z}

Notice also that if % = 0, then one can prove that T

= 0 for any n. It follows that:

Theorem 5.1.1. For a given configuration of N points {z1, 22, ..., 2n } in the complex
plane, there exists a set of singularity strengths I' for which the configuration is a fixed
equilibrium solution of the dynamical system iff A has a kernel, or equivalently,
if there is at least one zero eigenvalue of A. If the nullspace dimension of A is one,
i.e. there is only one zero eigenvalue, the choice of I' is unique (up to a multiplicative
constant). If the nullspace dimension is greater than one, the choice of I' is not unique

and can be any linear combination of the basis elements of null(A).

Since A is skew-symmetric, it follows that

det(A) = det(—AT) = (=1)" det(AT) = det(AT). (5.1.4)

Hence, for N odd, we have — det(A”) = det(AT), which implies det(A”) = 0.

Theorem 5.1.2. When N is odd, A always has at least one zero eigenvalue, hence for

any configuration there exists a choice I' € C for which the system is a fixed equilibrium.

When N is even, there may or may not be a fixed equilibrium, depending on whether

or not A has a non-trivial nullspace. In general, we would like to determine a basis
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set for the nullspace of A for a given configuration, i.e. the set of all strengths for
which a given configuration remains fixed. Other important general properties of skew-

symmetric matrices are listed below:

1. The eigenvalues always come in pairs £A. If N is odd, there is one unpaired

eigenvalue that is zero.
2. If N is even, det(A) = Pf(A)?* > 0, where Pf is the Pfaffian.

3. Real skew-symmetric matrices have pure imaginary eigenvalues.

Recall that every matrix can be written as the sum of a Hermitian matrix (B = BT)

and a skew-Hermitian matrix (C = —CT). To see this, notice
1 fyoy L f
Az§(A+A)+§(A—A). (5.1.5)

Here, B = ;(A+ A") = Bl and C = (A — AT) = —C'. A matrix is normal if
AAT = AT A, otherwise it is non-normal. If we calculate AAT — AT A, where A = B+C

as above, then it is easy to see that
AAT — ATA =2(CB — BC). (5.1.6)

Therefore, if B = 0 or C' = 0, A is normal.
Theorem 5.1.3. All Hermitian or skew-Hermitian matrices are normal.

The generic configuration matrix A arising from (5.1.3) is, however, non-normal.

For normal matrices, the following spectral-decomposition holds:

Theorem 5.1.4. A is a normal matrix < A is unitarily diagonalizable, i.e.

A =QAQT (5.1.7)
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where Q is unitary.

Here, the columns of Q are the N linearly independent eigenvectors of A that can be
made mutually orthogonal. The matrix A is a diagonal matrix with the N eigenvalues
down the diagonalﬂ

In general, however, for the system of interacting particles governed by (5.1.2),
, A € CN*Y will be a non-normal matrix. The most comprehensive decom-
position of A in this case is the singular value decomposition described in section [2.2
Because of (5.1.3)), we seek configuration matrices with one or more singular values that

are Zero.

5.2 Collinear equilibria

For the special case in which all the particles lie on a straight line, there is no loss in
assuming z, = ¥, € R. Then A € RV*¥ | A is a normal skew-symmetric matrix, and
the eigenvalues are pure imaginary. As an example, consider the collinear case N = 3.
Let the particle positions be z; < 2o < x3, with corresponding strengths 'y, I'y, I's.

The A matrix is then given by

1 1
0 T1—To2 X1—T3
A=| 1 0 . (5.2.1)
To—T1 T2—I3
1 1 0

T3 —T1 T3—T2

Since N is odd, we have det(A) = 0. The other two eigenvalues are given by:

, 1 1 1
)\123 = :l:Z\/( 3 + 2 + 50 (522)

To — $1) (Is - Iz) ($3 - xl)

ISee [GVLIG] for details.

91



which is invariant under cyclic permutations of the indices (Aj23 = A231 = A312). We
can scale the length of the configuration so that the distance between x; and 3 is one,
hence without loss of generality, let ; = 0,29 = x, x5 = 1. The other two eigenvalues

are then given by the formula:

(1 — x + 22)?

A=+£1
! 22(1 — x)?

(5.2.3)

It is easy to see that the numerator has no roots in the interval (0, 1), hence the nullspace
dimension of A is one. The nullspace vector is then given (uniquely up to multiplicative

constant) by:
1

r— _(M) . (5.2.4)

pr——
(22)
For the special symmetric case 3 — x; = 1, 23 — 29 = 1/2, 29 — 27 = 1/2, we have
Iy =1,y =—1/2,T3 = 1. We show this case in ﬁgurealong with the separatrices
associated with the corresponding flowfield generated by the singularities. Since the
sum of the strengths of the three vortices is I'y + Ty +'s = 1 — 1/2+ 1 = 3/2, the
far field is that of a point vortex of strength I' = 3/2. Interestingly, for the collinear
cases, since A is real, the nullspace vector is either real, or if multiplied by i, is pure
imaginary. Hence, each collinear configuration of point vortices obtained with a given
I' € R is also a collinear configuration of sources/sinks with corresponding strengths
given by ¢I'. The corresponding streamline pattern for the source/sink configuration, as
shown in the dashed curves of figure [5.1] is the orthogonal complement of the curves

corresponding to the point vortex case.
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Figure 5.1: N = 3 evenly distributed point vortices on a line with strengths I'; = 1,1 =
— %, I's = 1, in equilibrium. The far field is that of a point vortex at the center-of-vorticity of the
system. Solid streamline pattern is for point vortices, dashed streamline pattern is for source/sink
system. The patterns are orthogonal.

For N even, we cannot say a priori whether or not det(A) = 0 as the case for N = 2

shows. For this, the A matrix is

(5.2.5)

O Al

The eigenvalues are A\ = +i/d, hence there is no equilibrium (except in the limit d —
00).

We show in figures [5.2] and [5.3] two representative examples of collinear fixed point
vortex equilibria for N = 7, along with their corresponding global streamline patterns.
In figure[5.2] we deposit seven evenly spaced points on a line and solve for the nullspace

vector to obtain the singularity strengths (ordered from left to right)

' = (1.0000,—-0.5536,0.9212, —0.5797,0.9212, —0.5536, 1.0000)(5.2.6)
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Figure 5.2: N = 7 evenly distributed point vortices on a line. The far field is that of a point
vortex at the center-of-vorticity of the system. Because of the symmetry of the spacing, the
vortex strengths are symmetric about the central point x4 which also corresponds to the center-
of-vorticity.

Z r, = 2.1555. (5.2.7)

Because of the even spacing, the strengths are symmetric about the central point x4

Iy = I';,I'y = I'e,I's = I'5), which is also the location of the center-of-vorticity
7 . iger . . .

> _Taxs. Figure shows a fixed equilibrium corresponding to seven points ran-

a=1

domly placed on a line. The nullspace vector for this case is (ordered from left to right)

' = (1.0000,—0.5071,0.5342, —0.4007,0.2815, —0.2505, 1.0743)(5.2.8)

Z r, = 1.7317. (5.2.9)

In both cases, the singularities are all point vortices (or source/sink systems) hence are
examples of collinear equilibria such as those discussed in [Are0O7a, /Are07b, | Are09] and

[ANST02]] where the strengths are typically chosen as equal. The streamline pattern at
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Figure 5.3: N = 7 randomly distributed point vortices on a line. The far field is that of a point

vortex at the center-of-vorticity of the system.

infinity in both cases is that of a single point vortex of strength 2221 I'y, # 0 located at

the center of vorticity 22:1 | R

5.3 Triangular equilibria

The case N = 3 is somewhat special and worth treating separately. Given any three

points {z1, 22, 23} in the complex plane, the corresponding configuration matrix A is:

22—21

23—21

zZ1—%22

2322

Z1—23

29—23

(5.3.1)
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There is no loss of generality in choosing two of the points along the real axis, one at
the origin of our coordinate system, the other at x = 1. Hence we set z; = 0, 25 = 1,

and we let z3 = 2. Then A is written much more simply:

A=11 o — |. (5.3.2)

—
|
w

|
—
)

Since N is odd, one of the eigenvalues of A is zero. The other two are given by:

1 1 (1= 2+ 22)2
— iy b+ 1= iy 3.
A Z¢%4_O_ZV+- i Za (5.3.3)

When the numerator is not zero, the nullspace dimension is one and it is easy to see that

the nullspace of A is given by:

w
I
—

I = _i (5.3.4)
1
However, the numerator is zero at the points:
) 5L
z = exp(g), exp(T), (5.3.5)

at which Re z = %, Imz = j:‘/Tg. This forms an equilateral triangle in which case the

nullspace dimension is three. We have thus proven the following:

Theorem S. For three point vortices, or for three sources/sinks, the only fixed equilibria

are collinear. For any three point singularities the nullspace dimension of A is one and

is given by (5.3.7).
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We show a fixed equilibrium equilateral triangle state in figure [5.4] along with the

corresponding streamline pattern.

Figure 5.4: N = 3 equilateral triangle configuration with corresponding streamline pattern. The
strengths are given by I'y = 1.0000, 'y = —0.5000 4+ 0.86601, I's = —0.5000 + 0.8660%.

Equilateral triangular equilibria

As it was pointed before, equilateral triangle has all of the eigenvalues equal to zero.

Without loss of generality assume positions of point singularities are located at 0, 1, e,

Then
B __mi 1, V3
0 1 e s 0 1 —3 T3
5 2 2
1 1 V3 1 V3
e T :—% 3+t% 0
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The three eigenvalues are 0. The nullspace of A is covered by

W
|
—

(5.3.7)

-
I
|
ISE I

And since the characteristic equation for the matrix A is \*> = 0, the configuration matrix
is nilpotent. Thus the two vectors from the orthogonal complement to the null space are

in lying in the invariant subspace of matrix A.

5.4 Equilibria along prescribed curves

We now ask a more general and interesting question. Given any curve in the complex
plane, if we distribute points {z,}, (& = 1, ..., V) along the curve, is it possible to find a
strength vector I so that the configuration is fixed? The answer is yes, if /V is odd, and
sometimes, if /V is even.

Figures [5.5] - show a collection of fixed equilibria along curves that we pre-
scribe. First, figure[5.5|shows 7 points places randomly in the plane, with the singularity
strengths obtained from the nullspace of A so that the system is an equilibrium. The
strengths are given by: I' = (1.0000, —0.7958 + 1.0089z, —1.3563 — 0.4012¢, 0.0297 +
0.15944,0.9155 + 0.3458i, —2.0504 — 0.87767, —0.1935 — 1.08024)” with the sum given
by —2.4508 — 0.8449:. Thus, the far field is that of a spiral-sink configuration. Figure
5.6 shows the case of N = 7 points distributed evenly around a circle. The nullspace
vector is given by I' = (1.0000, —0.9010 + 0.4339:,0.6235 — 0.7818i, —0.2225 +
0.97497, —0.2225 — 0.9749i,0.6235 + 0.7818i, —0.9010 — 0.4339i)T. For this very
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symmetric case, the sum of the strengths is zero, hence in a sense, the far field van-
ishes. Figure shows the case of NV = 7 points placed at random positions on a cir-
cle. Here, the nullspace vector is given by I' = (1.0000, —0.6342 + 0.40867, 0.3699 —
0.59297, —0.1501 +0.6135i, —0.2483 — 0.98844, 0.2901 +0.30564, —0.3595 — 0.26864 )T
The random placement of points breaks the symmetry of the previous case and
the sum of strengths is given by 0.2649 — 0.5222; which corresponds to a spiral-
sink. In figures and we show equilibrium distribution of points along
a curve we call a ‘flower-petal’, given by the formula r(6) = cos(26), 0 <
0 < 2n. In figure we distribute them evenly on the curve, while in fig-
ure [5.9] we distribute them randomly. The particle strengths from the configuration
in figure are I' = (1.0000,0.1824 + 0.1498:,—0.9892 — 0.9103i, —0.1378 —
0.53331, —0.1378 + 0.53337, —0.9892 + 0.91034,0.1824 — 0.1498:)” with sum equal-
ing —0.8892 corresponding to a far field point vortex. Figure [5.9] shows particles dis-
tributed randomly on the same flower-petal curve. Here, the particle strengths are
I' = (1.0000,0.2094 — 0.40717, —0.3009 + 0.3003¢,0.0404 — 0.2864¢, —0.1779 +
0.27731,0.4236 + 0.8052i, —0.4702 — 0.33047)”, with sum given by .7244 + .3589i.
Hence the far field corresponds to a source-spiral.

The last two configurations, shown in figures and are equilibria dis-
tributed along figure eight curves, given by the formulas r(f) = cos?(f), 0 <
0 < 2m. In figure we distribute the points evenly around the curve, which
gives rise to strengths I' = (1.0000, —0.2734 + 0.5350¢, 0.0239 — 0.20807, 0.1063 —
0.05177,0.1063 + 0.05174,0.0239 + 0.20807, —0.2734 — 0.53504)7, whose sum is
7136, thus a far field point vortex. In contrast, when the points are distributed
randomly around the same curve, as in figure the strengths are given by
I' = (1.0000, —0.1054 + 0.57244, —0.0174 — 0.45877,0.9208 + 1.24504, —0.0460 —
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0.45771, —0.5292 + 0.23714, —0.2543 — 0.09217)7, with sum equaling .9685 + 1.04601,

hence a far field source-spiral.

Figure 5.5: Fixed equilibrium for seven points placed at random locations in the plane. The far
field is a spiral-sink (figure 1(e)) with since > I',, = —2.4508 — 0.8449i.

5.5 Even number of singularities

As we showed before, point singularity configuration will be a fixed equilibria if
det A = 0. For even dimensional (N = 2n) skew-symmetric matrix A = (a;;)1<i j<2n
determinant is equal to

det A = (pf(A))?, (5.5.1)
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Figure 5.6: N = 7 evenly distributed points on a circle (dashed curve) in equilibrium. Because
of the symmetry of the configuration, Y I',, = 0, hence the far-field vanishes.

where pf(A) is a Pfaffian of matrix A defined as

1 , a
pf(A) = o) Z Slgn(U) Hacr(2i—1),o(2i) =, (5.5.2)
) 1

UESQn 1=

with Sy, being symmetric group and sign(o) signature of o. Alternative definition

which we will use is
2n

pf(A) = (—1)'arpf(A;;), (5.5.3)

i=2
where A; ; is matrix A with 1st and ith row and column removed. Also, by convention
Pfaffian of 0 x 0 matrix is 1.

From (5.5.1)) we see that first order root of Pfaffian is second order root of determi-
nant. Thus even dimensional matrix with Pfaffian equal to 0 has two dimensional null

space.
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Figure 5.7: N = 7 randomly distributed particles on a circle (dashed curve) in equilibrium along
with the corresponding streamline pattern. The far field streamline pattern is that of a spiral-sink
(figure 1(g)) since > T'y, = 0.2649 — 0.5222i.

Four singularities

Since every even-dimensional skew symmetric matrix has paired eigenvalues (if A is
its eigenvalue, then — ) is an eigenvalue as well) we can have either two dimensional or
four dimensional null space. Four dimensional null space has only zero matrix which is
not a configuration matrix for the singularity equilibrium. Thus we can have only two
dimensional null space.

As we have said before, determinant of even dimensional skew symmetric matrix
is a square of the Pfaffian of the matrix. This will give us following condition for the

positions of singularities

1 1 1
(22— 23)% (21 —21)® (21— 23) 2 (22 — 24) 2 N (21— 22)2 (23 — 24) 2 0.5:54)
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Figure 5.8: N = 7 evenly distributed particles in equilibrium on the curve r(6) = cos(26)
(dashed curve) along with the corresponding streamline pattern. The far field corresponds to a
point vortex since » 'y, = —0.8892.

Since the equilibrium configuration of singularities is translation, rotation and scale
invariant, without loss of generality we can assume z; = 0, 2z = 1. Then if we choose

z3 = a we will get following equation for the fourth position z; = x

1 1 1
=0. 5.5.5
R ER T R e -2)
The solutions are
2 4 3\/W
oy A EV3Va? — 2% —a? (5.5.6)

2(1—a+a?
Thus we proved

Theorem 5.5.1. For any initial positions of three out four point singularities there exist
at least one position for the fourth one. For any configuration of four point singularities

the null space dimension is two.
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Figure 5.9: N = 7 randomly distributed particles in equilibrium on the curve r(6) = cos(26)
(dashed curve). The far field corresponds to a source-spiral (figure 1(f)) since > T'y, = 0.7244 +
0.3589:.

e[S

+1 (—% + —3> Demonstration

For example, if we chose z3 = 1+, then 24 = %— 5

of this configuration is given on Figure [5.12]

Six and more singularities

Using the same technique as above, we can build the equation for one unknown
coordinate. First N — 1 we can choose at random and then since the equation for the
unknown coordinate can be solved in complex numbers, the fundamental theorem of
algebra guaranties that at leas one solution exist. Thus for even /N there are many fixed
equilibria of point singularities.

We give some examples of the configurations for N = 6,8 on Figure [5.13] and

Figure[5.14]
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Figure 5.10: N = 7 evenly distributed particles in equilibrium on the curve r(6) = cos?(6)
(dashed curve). The far field corresponds to a point vortex since Y  I'y, = 0.7136.

5.6 Classification of equilibria in terms of the singular
spectrum

Tables [5.1] - [5.6] show the complete singular spectrum for all the equilibria considered
in this work. A common measure of ‘robustness’ associated with the configuration
matrix, hence the equilibrium, is the size of the ‘spectral gap’ as measured by the size
of the smallest non-zero singular value. From Table [5.2] the collinear state with points
distributed randomly and the figure-eight state with points distributed evenly (Table[5.4)

are the least robust in that their smallest non-zero singular values are closest to zero.
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Figure 5.11: N = 7 randomly distributed particles in equilibrium on the curve r(#) = cos?(6)
(dashed curve). The far field corresponds to a source-spiral (figure 1(f)) since > T'y, = 0.9685+
1.04601.

Figure 5.12: Fixed equilibrium for four points with one placed at random location in the plane.
The far field is a spiral-sink (figure 1(e)) with since > I, = —1.0490 — 1.1830:.
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s

Figure 5.13: Fixed equilibrium for six points with five placed at random location in the plane.
The far field is a spiral-sink (figure 1(e)) with since > I',, = —1.0881 — 1.3789.

\

Figure 5.14: Fixed equilibrium for eight points with seven placed on a regular 7-gon. The far
field is a spiral-sink (figure 1(e)) with since Y T',, = 6.0000 — 0.45653.
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Configuration

o (unormalized)

o (normalized)

Shannon entropy

1.0000 0.5000 0.6931
Equilateral 1.0000 0.5000
0.00 0.00
1.0598 0.5000 0.6931
Isosceles (acute) 1.0598 0.5000
0.00 0.00
2.7203 0.5000 0.6931
Isosceles (obtuse) 2.7203 0.5000
0.00 0.00
1.2115 0.5000 0.6931
Arbitrary triangle 1.2115 0.5000
0.00 0.00

Table 5.1: Singular spectrum of triangular states (N = 3)

Configuration o (unormalized) | o (normalized) | Shannon entropy
4.5000 0.5000 0.6931
N=3 4.5000 0.5000
0.00 0.00
2.5249 0.3214 1.5237
N =T (even) 2.5249 0.3214
1.6831 0.1428
1.6831 0.1428
0.8420 0.0357
0.00 0.00
6.3408 0.4457 1.0723
N =7 (random) 6.3408 0.4457
2.0969 0.0487
2.0969 0.0487
0.7062 0.0055
0.7062 0.0055
0.0000 0.0000

Table 5.2: Singular spectrum of collinear states (N = 3,7)
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Configuration

o (unormalized)

o (normalized)

Shannon entropy

3.0000 0.3214 1.5236
N =7 (even) 3.0000 0.3214

2.0000 0.1429

2.0000 0.1429

1.0000 0.0357

1.0000 0.0357

0.0000 0.0000

3.7954 0.3363 1.4700
N = 7 (random) 3.7954 0.3363

2.4250 0.1373

2.4250 0.1373

1.0631 0.0264

1.0631 0.0264

0.0000 0.0000

Table 5.3: Singular spectrum of circular states (N = 7)

Configuration o (unormalized) | o (normalized) | Shannon entropy

11.9630 0.4664 0.9651
N =T (even) 11.9630 0.4664

3.0001 0.0293

3.0001 0.0293

1.1454 0.0043

1.1454 0.0043

0.0000 0.0000

6.9337 0.3465 1.3929
N = 7 (random) 6.9337 0.3465

4.4357 0.1418

4.4357 0.1418

1.2769 0.0117

1.2769 0.0117

0.0000 0.0000

Table 5.4: Singular spectrum of figure eight states (/N = 7)
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Configuration o (unormalized) | o (normalized) | Shannon entropy

5.9438 0.4447 1.1034
N =7 (even) 5.9438 0.4447

1.8115 0.0413

1.8115 0.0413

1.0538 0.0140

1.0538 0.0140

0.0000 0.0000

8.0780 0.3875 1.3393
N = 7 (random) 8.0780 0.3875

3.8900 0.0899

3.8900 0.0899

1.9523 0.0226

1.9523 0.0226

0.0000 0.0000

Table 5.5: Singular spectrum of flower states (N = 7)

Configuration o (unormalized) | o (normalized) | Shannon entropy

3.1566 0.5000 0.6931
N = 4 (random) 3.1566 0.5000

0.0000 0.0000

0.0000 0.0000

1.7723 0.4592 0.9758
N = 6 (random) 0.4592 0.3875

0.5283 0.0408

0.5283 0.0408

0.0000 0.0000

0.0000 0.0000

4.0000 0.3810 1.3612
N = 8 (symmetric) 4.0000 0.3810

2.0000 0.0952

2.0000 0.0952

1.0000 0.0238

1.0000 0.0238

0.0000 0.0000

0.0000 0.0000

Table 5.6: Singular spectrum of even number states (N = 4, 6, 8)
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Chapter 6

Stability

In this chapter we perform linear stability analysis of the fixed equilibrium configura-

tions we found in the previous chapter.

6.1 Stability of triangular configurations

Without loss of generality we can assume 2¢ = (29, y?) = (—=1,0), 20 = (29,99) =
(1,0) and 2J = (29,49) = (z,y) will be our changing parameters. Since all of the
triangular configurations have one dimensional null space (except collinear, which we
study in the next section) the parameter space is two dimensional.

From equations of motion (4.1.1)) we have

1 N/ Fﬂ

2mi 6o Fa

T T (=) e ) _
2 B=1 (xa - $5)2 -+ (ya — y/g)Q
yﬁ +F (xa

— ) —i(Th(ra — 28) = Th(ya — ys))
(2o — 28)* + (Yo — Yp)? '

I
Sl
Mz

i
I

Thus

N
1 ‘xa—x)+FT(ya Ys)
2—2 o : > (6.1.1)
(Ta — )% + (Yo — Yp)
N .
1 F (To — 'y (yy —
1 ,8 5) — Ty yﬂ). 6.1.2)

2 (Za _Iﬂ +(ya_yﬁ)2
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Matrix of the linearized system M = (m;;); j—1,..~ has the components

77777

N Fz
Maa = ' u +
D RN TR
S5 2k eI ) £ D)
S R A=A E
Fz‘
m(w: 0 B p 2+
(26 = 25)* + (Yo — yp)
2(), — wp)(T(2 — ) + Th(ya — ys)) B
. > 3 ,a,0=1,..., N,
(28 = 25)? + (Yo — ¥p)?)
N
F’/‘
ma: / 6 +
! ;(fcg—xﬁ)“(ya—yﬁ)Q
N 0 r (.0 i
2(x) — xg) (TG (x) —x5) — I (y, —
+Zl(a /33( ﬁ( 042 ,B) fg(;y2 yﬁ))7a:17,N7’y:a+N7
et (2 —25)* + (Ya — y5)?)
FT’
Mpa = 74 2 - 5T
(:L‘a - xﬁ) + (ya - yﬂ)
2(2% — z5)(T7% (20 — z5) — Ti(y, —
(o ﬁ(?( 5 o ?) 5(32 ) o 1N B=N+1,...2N,
(2% = 25)* + (Yo — Y5)?)
N
FT‘
ma — / :8 +
! ; (0 —75)” + (ya — yp)?
N 0 r T 0
2(y, — 'y (o —28) + 5y, —
+Z’ (Yo — 15) (T5( 5 ’82) '3(22 yﬁ)),azl,...,N,vza—FN,
= ((za —2p)* + (v — ys)?)
F?"
Map = 2 : 0 > T
(Ta —28)* + (Y3 — Ys)
2(y8 — yp)(Th(we — ) + T(y° —
(Yo — y5) (T( : ﬁz} 5(32’0; W) 01, N B=N+1,...2N,
(ra —2p5)* + (Y3 — y5)?)
N i
maazzl Q_F/B 0 2+
= (o —2p)* + (Yo — ¥p)
N 0 r i(,0
2(y° — Iy (2 —x5) — (Y, —
+z, (Yo — yp)( B( . 52) 5(3242 yﬁ))’ a=N-+1,...,2N,
= (Ta —25)? + (y5 — ys)?)
T
- g (6.1.3)

(ro —28)? 4+ (Y% — yp)?
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2(yo — yp)Th(xa — 25) — Th(ya — ys))
(ra —28)% + (49 — yp)*)?

_|_

where T', = I'" +4I", is the intensity of a-th singularity.

,a,0=N+1,...,2N,

By plugging in values for z¥ and 3? and using the vector of intensities

C—mta— iy + )
xg — w3+ (Y2 —y3)

Ty — 22+ i(y1 — y2)
r1— a3 +i(yr —ys)

we get the resulting matrix of linearized system

Ml = (M11M12)7

where
y(5—6e+a’+y?) v (~1+a)y
am(1-20+22+y2)? T an(12zta22+y?) m(1—20+22+y2)?
y y(5+6x+x2+y2) (I4z)y
() Tir(ireerat 1) e e
_ y(=3+20+2+y°) y(—3—2z+a+y?) soy(—1+a2>+y?)
My = m(1-20+e24y2)? (1420422 +92)  w(1-20t22+9?) (120422 +92)°  w(1-2e+e?4y2)? (120422 +42)°
—1tata?—2343y2 —ay? —14z 1—2z+2%—y> ’
47r(172z+12+y2)2 47r(172a:+z2+y2) 27\'(172z+12+y2)2
_ 1ta —1+2°+23+3y° +a(—1+47) 142zt —y?
47r(1+21+1:2+y2) 47T(l+2z+12+y2)2 27r(1+21+a72+y2)2
—1+x+x2—x3+3y2—acy2 71+12+13+3y2+z(71+y2) 2(1+z472y273y472z2(1+y2))
77(172z+12+y2)2(1+21+z2+y2) Tr(172z+12+y2)(1+21+z2+y2)2 7r(172z+z2+y2)2(1+2m+z2+y2)2
and
1—12+13—3y2+z(—1+y2) —1+x —142z—z°+y>
47r(172z+12+y2)2 _47'r(172z+z2+y2) Qﬂ(1,2z+12+y2)2
14z —1+12+z3+3y2+z(—1+y2) 1+21+z27y2
47"(1“’214’124’92) N 47r(1+2z+12+y2)2 N 277(1+2z+12+y2)2
1—a? 423 —3y% +a(-1+y?) —14+z? 423 +3y2 +z(—1+y?) —2—2z4+4y% +6y* +422 (1+y?)
Mo — 77(1*21+12+y2)2(1+2$+12+y2) _7r(172z+12+y2)(1+2z+12+y2)2 7r(172z+z2+y2)2(1+2z+z2+y2)2
2 y(5-6e+a2+y?) y (~1ta)y
47r(172z+12+y2)2 _47'r(172z+12+y2) 7-r(1,21<‘,12<;’,:,;12)2
y y(5+6m+12+y2) (142)y
47"(1“’214’124’92) N 47r(1+2z+12+y2)2 7r(1+2z+12+y2)2

y(—3+2x+22+y?) y(—3—2a+a2+y?)

81y(—1+12+y2)

N 7r(172z+12+y2)2 (1+21+z2+y2) 71'(172z+1‘2+y2)(1+2:v+z2+y2)2

7r(172$+z2+y2)2(1+2z+z2+y2)2
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Figure 6.1: Unstable region for triangular configuration

The matrix is too complex for further analytic investigation. But we can find eigen-
vectors numerically for big enough region. The resulting region of linear instability is
shown on Figure[6.1]

The points A = (0,/3) and B = (0, /3) represent equilateral triangle configura-

tions. The eigenvalues for the equilateral triangle are

0,0,0,0,0,0.

Thus the equilateral triangle configurations are neutrally stable.
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6.2 Stability of collinear configurations

For the 3 singularities collinear equilibria, we can choose the first two to be z; = 0 and
29 = 1. The last one will be changing parameter x3 = x. The corresponding vector of

intensities is
T — T2 —I1 + T2

I'y = JTo=———T5=0.
Xo — T3 xT1 — T3

Then the matrix of linearized system is

=14z 1 1
0 0 0 ~ o o ~ a2
1 T 1
0 0 0 2m—2mx 2w (—1+x)? T on(—14x)?
1 1 1
M= 0 0 0 2ra?—2mxd  2m(—l4x)2x  2m(—l+x)2a?
ot = = 0 0 0
1 T 1
T 2n—2nx T on(—14x)? 27 (—1+4x)2 0 0 0
1 _ 1 1 0 0 0
2m(—1+4x)z? 2m(—1+4=x)2z  2m(—1+x)2z2
The eigenvalues are
3 3
0,0,0,0, — 6.2.1)

o/ — a2 + 223 — 2t 20/ — a2 + 243 — at

The roots of the denominator —x? + 22® — 2* are 0 and 1. And by checking the values

in between we find that function is always negative. Thus we have

Theorem 6.2.1. The collinear fixed equilibrium for 3 collinear point singularities is

neutrally stable for any value of parameter x.

Another interesting collinear equilibrium configuration is the case when N = 5 and

point singularities are places symmetrically around the origin. Then let z; = 0, 2o = 1,

115




r3 = —1 and x4 = —x5 = x. After finding the vector of intensities and plugging it to

the matrix of linearized system we get

0 My
My O

where
1-—a4 34+a2 34+a2 1 1
ro+3rad 27 +6mz2 27 +6mz2 2r @2 27 x2
141452424 341122449244+ 46 34+a2 _ 1 _ 1
an+8rx2—12nad 8(71+m2>2g+3m2> 8m424ma? 27 (—1+w)2 27 (1+a)?
14142242 34a 341122449244 20 _ 1 _ 1
Mg = am+8mz2—127xd 8m+24ma? 8(,1+m2>2g+3ﬂm2) 27 (1+x)2 27 (—1+x)?2
141422+ 3+a2 3+a 144922 4112% 4326 1
dra?temet—12m28  2(—1+2)2(n+3me2) 2(1+2)2 (x+3722) 822 (—1422)7 (nt3ma?) 8ma?
141422424 3422 3422 1 14492241124 4326
Anz2 48wzt —12726 2(1+m)2<,r+3,m2) 2(_1+m)2<,,+3,,m2) 8ma2 8m2(_1+$2>2("+3ﬂm2)
— 1424 3422 3422 1 1
12<W+3,r12) 2n+6ma2 2n+6ma2 27 w2 27x2
141422424 34112244924 426 __ 34a? 1 1
4n+8nz? —12mad 8(7”@2)2@”””2) 8(n+3ma?) 27 (—142)2 27 (142)2
_ 141402404 __ 34w 341102 4490% 440 1 1
M2y = an+87ma2 —12nad 8(,,+3m2) 8(71“02)227#3”2) 2 (142)2 2n(—14x)2
_ 141422+ _ 3+a2 _ 3+a 144922 +112% 4326 1
dra?+8mat—127a0 2(—1+2)2 (7 +3722) 2(1+2)2 (x+3722) 822 (—1422)7 (nt3m2?) 8ma?
_ 141422424 _ 3422 _ 3422 1 14492241124 4326
Anz2 48wzt —12726 2(1+m)2<,r+3,mz) 2(_1_”)2(7,4_3”62) 8ma2 8m2<_1+$2>2(w+3ﬂm2>

The numerical simulation of the eigenvalues on the interval (—10; 10) shows that all of
them have zero real part. Thus symmetric configurations of five point singularities are

neutrally stable for x € (—10; 10).
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Appendix A

Unit sphere restrictions for the

distances

In this appendix we will derive formulas for the volume of triangular pyramid along
with the conditions edges in order to have a unit circumradius.

Consider triangular pyramid ABCD (see Fig. [A.1)). Let

AB=a,AC=0,AD =¢,BC =d,BD =¢,CD = f,
PO, =py, POy =py, BH = h, ZO1POy = o, OA =1,

where PO, 1CD, PO, 1L CD and CP = PD.
First note that we can find all the flat angles from cosine law in each triangle. Also by

cosine law for spherical triangle we have

cos(LACB) = cos(£BCD) cos(LACD) + sin(£BCD) sin(LACD) cos(a),
(A.0.1)
where « is a dihedral angle between planes of triangles AACD and ACBD. So

cos(a) = cos(£ZACB) — cos(£BCD) cos(LACD) _

sin(ZBCD) sin(£LACD)
B2+d?>—a® d®+ f2—e2b?+ f2—¢?
obd  2df 2bf
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f2(b2 —|—d2 _ CL2) _ (dQ "—f2 _ e2>(b2 + f2 _ 62)
(4d2f2 — (2 + f2 — 62)2)% (402 f2 — (b2 + f2 — 02)2)%'

Then from ABC D we have

N|=

Ty _ @+ =\
BM = BC'sin(£/BCD) =d (1 - (T) )

And from ABH M we have

[N

B B ' B d2+f2—62 2
h—BH—BMSlD(&)—d(l—(T)) X

1
2

APEE ) (P -+ - )
42 f? = (2 + [2 = 2P AR 2 = (2 + 2 = )]

And now we can find volume of parallelepiped built on vectors CA,C'B,C D

1 1
‘/;7 = QSAACDh = 21 ((b2 -+ 02 + f2)2 - 2<b4 +C4 + f4)); h’

Or
1
v, = Z[a2f2(—a? PP+ E e — A0 (a? -+ AR - )+
+Ad*(a® + b — & — d* + e + f?) — a*b*d® — a’cPe’ — PP — d2€2f2]%.
And volume of pyramid ABCD is

1
V(CL, b, C, d, €, f) = VABC’D = 6‘/;,, =

1
:ﬂ[GQfZ(_a2+b2+02+d2+e2_f2)+
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+b%e*(a* —b* + P+ d* —e* + fA)+
+Ald*(a® 4+ b — 2 —d* + e+ f7)—

—a2b2d? — a2c2e? — b2c2f2 —d262f2]%.

Figure A.1: Pyramid inscribed in a sphere

Now to restrict the radius of the pyramid, we notice that Vapop = Voapc+Voasp+
Voacp + Vosep- By setting OA = OB = O0C = 0OD =r =1 we get

Voase =V (a,b,d) =

2000 + B + Pa?) — a* — b — d' — PP 2A02)
Voasp = V(a,c,e) = [2(@202 + et + e2a?) — at

a 4

—a —cC —64 —CL20262]

[NIES

(A.0.3)
VOACD = V(ba C, f) =

2% + 212 + f2%) — b — ¢t — [ — 12217 2(A.0.4)

N e
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1 1
Vosep = V(d,e, f) = % [2(d%e* + & f* + f2d?) —d* — ' — f* — > [?] (A.0.5)
And thus the restrictions on the sides are

[P (—a*+ 0+ + P+ e — f)+ b (@® -V + P+ d* — e+ f7)+
+Ad*(a® + b — & — d* + e + f?) — a*b*d® — a’cPe’ — b PP — d2€2f2]% =
— [2(0% + P& + da®) — a* — b — d' — ?Bd?]? +

+ [2(@202 +c2e? +e?a?) —at -t — et — a20262}% +

4 [2(b202 +62f2 +f2b2) o b4 . C4 o f4 o bZCQfQ}% +

+[2AP + 2P + 2 —d' — et — [ — P

(A.0.6)

Another useful relation we can get from the picture is value of @ in terms of

b,c,d, e, f,r. From the right triangles AOO; P and AOO, P we have

P
coséOPOlz%,
O, P

/ZOPO; = )
cos ZOPO, opP

Also, recall that ZOPO; + ZOPQOy = «. From right triangles AO; PC and AO; PC

we have

CD 2_ d2e? 2 12
2 ) S (dtetf—dtetrflld—e+ flldre—f) 4’
CD 2_ bQszz f2
T) T b+t N=btct+flb—c+ flb+c—f) 4

O1P? = 0,C* - (

02P2 20202— (
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From right triangle AOPC we have

Now, since

cosa = cos ZOPO; cos ZOPQOy — sin ZOPO; sin ZOPQOs,

from (A.0.1I)) we have

(7~ @+ ) (@~ & + )
Abdf?

(b2 — 2 + f2)° (d2 — e + f2)?

+\/1 o 4b2 f2 \/1 o 4d2 f2

(J 20+ — ) y
(b + (2 = f2)" = 202 (2 + f2)) (f2 — 4r2)

\/ f2(d2 4 ¢ f2)° B
(e = f2)° = 2d2 (e + f2)) (f2 — 4r?)

cos LZACB = +

- f2(0? + e - f2)’ y
— [ =202 (2 + f2) (f? — 4r?)
- f2 (d+ e — f?)’
— [ =282 (2 4 7)) (f2 - 4r2) )
and from triangle AABC'

a? =b* 4+ — 2bccos LZACB, =

2 _ 2 2 (b2_02+f2)(d2_€2+f2)
a“=b —|—c—ch( e +
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(\/ F2 (b2 + 2 — f2)2 y
(b + (= f2)" = 202 (2 + /) (2 = 4r?)

\/ F2(d2 + €2 — f2)2 -
(d4 + (€2 — f2)* — 2d2 (€2 + f2)) (f? —4r?)
(b4 + (2 — 22 =202 (¢ + f2)) (f? —4r?)

¢L_ f2(d + e — f2)°
(d+ (e — f2)* —2d2 (2 + f2)) (f2—4r2) ) )
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Appendix B

Components of second variation for

cube and icosahedron

Matrix B can be written as

where B;,2 = 1, .., 15 are 2 X 2 matrices

B —27 (12 —12) (6I'? — I'a (T + 3T'g)) 0
1=
0 —4 (9r —10r2r2 +1%)
By = 2LV3(M2—T2) (150 +5Ta + 6T'5)  —2L (12 —T2) (15T + 5T + 6I'g)
—1= ([ —Ta) (T +Ta) (45T +29T0)  —1:v3(I —Ta) (T + Tq) (45T + 29T,)
B ( 0 —27 (12 —12) (15T — 5T — 6T'3) )
3 = i
— 5 (45T — 29T, (T' = T'a) (T + T'a) 0
- 9(r2-r2)(r-rg)(15r—5re +121°
pon (BT B o)
—I'a)(I'+lo + 5 /3
- s E ~15 /3 (T ~Ta) (0 +Ta)? (T - Tp)
1 ) 81(1"271"?!)(1“271“%)
( T[(F ( ( ) ) 1612
3(r2-r2)(r2-r3 3 [ ’
B 332 -12) (1?2 -13)
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— 25 (T +Ta) (58 + 5T + 27T') 0
0 —55 (T +Ta) (580 + 5T + 27T'3)

g [ ROPT) gAY
VAR -TY) -3 (7 -12)

9(M+T4)(T+Tg)(150+5T o +6T 5)
| 82 0
Bs = 0 _ 9(I+Ta)(T=Tg)(5T+3T5) |
4V2
45(r+ra)(r27r'§) 0
- 8v2
By = 45(r+ra)(r27r§) ’
0 —
5 —2 (I =Ta) (58T — 5T — 27T') 0
10 = .
0 —2 (I —Ta) (58T — 5Ty — 27Tg)
_45(0%-T3)(T+Tp) 0
Bll — ( 162 >
iy3 (M -T3) (C+Tg) 0
45(0—T) (12 -13)) 45 3 2 _ 2
Bis = ( 16v2 Va2 T - Fa()2(1“ 2; FB)
45(I=Tq) (T2 =T ’
45 3 B
—8 /3 -ra) (r2-13) BTV, E—
a 0
Bi3 = )
0 b
. 3 (D+Ta) (397 + 9T + 3205) (1%~ T3) 0
14 = )
0 1 (D+Ta) (15T + 9T — 220g) (12~ T3)
. 1 (12r2 - 513 — 9rary) (12 - 13) 0
15 = )
0 1 (12r2 - 513 — or.1) (12 - 13)

a= 72 (T +Ta) (T +Ts) (11612 + 145741 + 1% + 36T + I (65T + 49T5) )

b— 7% (I'+Ta) (1= T'5) (6212 — 19T — 972 — 3613 + Ty (575 — 7T) ).

Matrix C can be written as

C, Cy C3 C
C- Cy Cs Cs Cn |

Cs Cg Cg Cy

04 C(8 C(9 C110
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where C;,i = 1,..,10 are 2 x 2 matrices

Cy

o

Il
/

K
I

& &
I I

Q
o
|

K
Il
/N TN N N N N N,/

—L(r+Ta) (203F 43700 + 25\/51“5) 0
0 — L (D +Ta) (2087 + 3700 + 25V5T )
Z(-14V5) (2 —12) 52 1/2643200 + 922258+/5 (T2 — I'2) )
55 V/1659290 — 617427/5 (T2 — I'2) Z(-1+v5) (12 -12)
L(D+Ta) (537 + 18774 — 25v/5T5) 0
0 ~ 14 Ta) (53F 4+ 1870 — 25\/5F5)

s (s77-718) (12 -13) B\ (5+vB) (212
%m(ﬂ -r2) (1123 - 323\/5) (12 —12)

—lr-Ta) (203r 37T — 25\/5r5) 0
0 —1(r-Ta) (203F 37Ty — 25\/5%)

s (-2 avE) (1 -r2) 5 (54 v5) (12 1)
~Z /5 (5+VE) (12 -12) g5 (-877+77V5) (12 - T2)

1(r—r,) (53r —187Tq + 25\/5Fﬁ> 0

0 ~1 (D= Ta) (537 — 18704 + 25V/5Ts )
L +4Ta) (203r+37ra +25\/5r,3) 0

0 —L(r+Ta) (203F + 3700 + 25\/5%)

2 (-1+v5) (r2 - 12) 21/1659200 — 617425 (T2 — I'?) )

12 1/2643200 + 922258/5 (12 — I'2) Z(-14v5) (2 -12)
1 -Ta) (203r — 37 — 25\/51“3) 0

0 —1(r-r.) (203F 37T — 25\/51‘5)
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Matrix D can be written as

where D;,72 = 1,..,15 are 2 X 2 matrices

~2 (I +Ta) (33T + 20 + 5v/5T) 0
0 —3(I'+Ta) (33r+2ra +5\/5Fﬁ)

e heaeen
0 _25(r2r2) (34 VE)T (L4 VE)Ts) ~(5+vE)T) )

5(02—12)(5((5+v5)I+(1+v5)T) — (5+v5)la)
2(5+/5)

2(5+v/5)
0

( - (14 V5) (1 —12) L L )
NG
v L

)

—2(C+Ta) (T+T5) (3(9+V5) T +3(1+5) Ta +4v5T5)
(I‘+Fa)(I‘—F5)((33—1—9\/5)F—3(1+\/5)Fa+2<5+3\/5)F5)

4(3+5) |
o[ EvE@ar (12 13) °
5= 0 1A+ (12 -13) )
. ~2 (D= Ta) (337 — 2P - 5V3T5) 0
6= 0 —5(I'—Ta) (331“—21“&75\/51“3) 7

D7 = © )
f e
7%\/10 —2V5 (12— 12) (50 + T - VBTg)

25(12 = 12) (5 (5+3v5) T+ (54 3v5) Ta — 5 (34 V5) Tg)

f=- 4(5+\/5)

)
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e g(—2+\/5> (T2 —T2) (D+T5)  —2/130+58V5 (12 —T2) (I - I'y) |
~3VE5-38VB (12 = T2) N+ 1) —35 (11+5V5) (12 = T2) (T - Tp)
e (5 + f) (T = Ta) (r2 Fg) 15./50 — 10V/5 (I' — T'a) (r2 - rg)
Do = 7T (P r3) 12 (54 v5) (0 - Ta) (12 - 13)
/7( 75 16 o B
( —25 (2 —12) (15r2 +9T2 — 4v/5TaTg ) 0 )
Dig =
=25 (12 —T2) (1512 + 912 — 4V/BTaTs )
D = ( 09 ) )
ho0
10 (12 —12) (T —Tp) (5(-5+2V5) T+ (5+4V5) Lo =5 (~1+ V5) )
9= Y ,
L3212 (L4 1) ((-85+17v5) Ta +5 ((5+v5) T+ 2 (~1+5) Fﬁ>>’
-5+5
Dip = ( 0 255 (1 - 13) (1 - 13) ) :
25V5 (1% - 12) (T2 - 12) 0

k O
Dq3 = ’
0 I

k= —% (T +Ta) (D +Tp) ((38+5v5) T2+

+ (31 +9V5) DaT + 5vBT2 + V5% + (74 5V5) Do (20 +T5)) ,
1

4(+ V5)

8 (1+2V5) Ta (21 = Tg) + 87 (124 V5) T+ (5+3v5) Ty ),

)
en!

(T +Ta) (T = Tp) (=2 (89 +23v5) T2 410 (5+ 3V5) T2+

(T +Ta) (5(1+\/5)r+5(75+3\/5)ra+4(74+3\/5)1“ﬁ) (1“271“;)

m = —

2 (—3 + \/5)
= Tl (5 <_11 Al 5\/5) r+s (_5 + 3‘/5> Pa+2 (17 - 9\@) Fﬁ) <F2 _ F%)
n= 2 <73 + \/5> ,
Dis— ( - (10r2 — 373 — 5\/5Farﬁ) (Fz 3 r%) . ) |
0 - (10r2 _ 31‘% — 5\/5papﬁ) (Fg _ I‘%)
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